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Convex functions

Function f : X — R is |.s.c convex if and only if

f(x) = sup{h(x) : his an affine function, h < f}.
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Convex functions

Function f : X — R is |.s.c convex if and only if

f(x) = sup{h(x) : his an affine function, h < f}.

Figure 1: 2. Figure 2: Support affine functions of X2,
{2ax — a* 1 a € R}.
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Figure 1: 2. Figure 2: Support affine functions of X2,
{2ax — a* 1 a € R}.

The space of affine functions
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Nonconvex functions

Figure 3: x*+ 3
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Nonconvex functions

Figure 3: x* + x°. Figure 4: Quadratic functions support

4 2
X+ x°.
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Nonconvex functions

Figure 3: x* + x°. Figure 4: Quadratic functions support

4 2
X+ x°.

H:={at+b:a,becR};
H:={at’ +b:a,becR}.
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Outline

@ Abstract convex funnctions

© Sum rules

© Zero duality gap

Q@ Example
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Abstract linear functions

X—nonempty, F := XE_the set of all functions from X to R.

Definition
A space of abstract linear functions, denoted by L, is a subset of F that satisfies

the following properties.
(a) L is closed w.r.t the addition operator i.e. fi,h € L= f, + f € L.

(b) For every I € L and m € N, there exist ..., I, € L s.t.

I=h4 ...+l
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Abstract linear functions

X—nonempty, F := XE_the set of all functions from X to R.

Definition
A space of abstract linear functions, denoted by L, is a subset of F that satisfies

the following properties.
(a) L is closed w.r.t the addition operator i.e. fi,h € L= f, + f € L.
(b) For every I € L and m € N, there exist ..., I, € L s.t.

I=h4 ...+l

If 0 € £ and L verifies (a), then L verifies (b).
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Abstract affine functions

X—nonempty, F := X%, L—space of abstract linear functions, f : X - R, C C L.

Definition
The space of abstract affine functions is defined as H := {/+c:/ € L, c € R}.
@ The set supp f := {h € H : h(x) < f(x),Vx € X} is the support set of f.

@ f is H—convex if there is a subset H C H such that

f(x) =sup h(x), Vxe X.
heH
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Subdifferentials, infimal convolution and Fenchel conjugate

X—nonempty, F = XR, L—space of abstract linear functions, f : X - R, € > 0.

Definition

@ Given m functions ¥y, ...,%, : X = R, the infimal convolution of the
functions 1, ..., ¥, is the function ;... Y, : X — R4, defined by

0. OYm(x):i=  inf {hi(xa) + ...+ Ym(xm) } -

X1t ..+ Xm=X

@ The Fenchel conjugate of f is the function f* : £ — R, defined as

(1) == sup{/(x) — f(x)}.

xeX

© The e—subdifferential of the function f at a point x € dom f is the mapping
O:-f : X = L defined as

OF(x):={leL:f(y)—f(x)—(I(y)—I(x))+e>0forall y € X}.
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Basic properties

@ fis H—convex, f attains global minimum at X iff 0 € 9f(X).
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Basic properties

@ fis H—convex, f attains global minimum at X iff 0 € 9f(X).

o
sup h(x) < f(x) xeX,

h€supp f

equality holds for all x € X iff f is H—convex.
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Basic properties

@ fis H—convex, f attains global minimum at X iff 0 € 9f(X).

o
sup h(x) < f(x) xeX,

h€supp f
equality holds for all x € X iff f is H—convex.

@ (Fenchel-Moreau)
7 (x) < f(x),

equality holds for all x € X iff f is H{—convex.

m *
o (Zf,-) < f0O...0f.
i=1
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Basic properties

@ fis H—convex, f attains global minimum at X iff 0 € 9f(X).

o
sup h(x) < f(x) xeX,

h€supp f
equality holds for all x € X iff f is H—convex.
@ (Fenchel-Moreau)
7 (x) < f(x),

equality holds for all x € X iff f is H{—convex.

m *
o (Zf,-) < f0O...0f.
i=1

@ Sum rule
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Abstract convex set

Definition
A set C C L is L—convex if for any Ip ¢ C, there is an x € X such that

lo(x) > sup I(x).
lec
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Abstract convex set

Definition
A set C C L is L—convex if for any Ip ¢ C, there is an x € X such that

lo(x) > sup I(x).
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Abstract convex set

Definition
A set C C L is L—convex if for any Ip ¢ C, there is an x € X such that

lo(x) > sup I(x).
lec

Ipe

A set C C L is L—convex iff there is an L—convex function f : X — R, such
that C = supp f. %
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Example

X =R, L :={¢.: ¢.(t) := at?>,a € R} is a space of abstract linear functions.
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Example

X =R, L :={¢.: ¢.(t) := at?>,a € R} is a space of abstract linear functions.
Then, H = {V, , : W, ,(t) := at> + b, a, b € R} is the space of abstract affine
functions.
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Example

X =R, L :={¢.: ¢.(t) := at?>,a € R} is a space of abstract linear functions.
Then, H = {V, , : W, ,(t) := at> + b, a, b € R} is the space of abstract affine
functions.

C:={V,p:b< %, a < 0} is the support set of function f(x) = —2|x|.
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Example

X =R, L :={¢.: ¢.(t) := at?>,a € R} is a space of abstract linear functions.
Then, H = {V, , : W, ,(t) := at> + b, a, b € R} is the space of abstract affine
functions.

1
C:={V,p:b< 5 < 0} is the support set of function f(x) = —2|x]|.

-1 —0.5 0.5 1 -1 —0.5
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Subdifferentials and Fenchel conjugate

The subdifferential and Fenchel conjugate of f

0 x =0,
Of(x) =
(x) {¢a o= 1} otherwise;
x|
+o0 a> 07
F(¢a) = sup {da(x) = F(x)} = ¢ 1
e - a<o;

where ¢,(t) = at?, a € R.
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More example

X:R",E::{alx12+...—|—a,,x3:al,...,a,,e]R},
H={ax?+...+ax>+b:ay,...,a,, beR}.
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More example

X:R”,E::{alx12+...+a,,x5:al,...,a,,e]R},
H={ax?+...+ax>+b:ay,...,a,, beR}.

Example

| A

X:R”,E:{/::Za;h;} where a; € R, i=1,...,n and
i=0

ho(x) = |Ix|[*,  h(x) =x1,. .., ha(x) = Xp.

n

Then, H:={h: h= Z aih; + ¢, c € R}. If a |.s.c function f is bounded from
i=0

below by a function in H, then the function f is H—convex.

4
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Calculus Rules

0:(F+2)()> (] U (0af(x) +0-8(x).
n>0  £1,6220
e1tex=¢e+n
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Calculus Rules

-(F+e)) > U (@04F() +0-,8(x).

n>0 £1,62>0
e1tex=¢e+n

Theorem (Jeyakumar et al, 2007)

Let X be a set and let L be a set of abstract linear functions on X,
f,g: X = Ry be H—convex functions, dom f Ndom g # (). Then, equality

epif* + epig* =epi(f + g)*

holds iff for any € > 0,

O:(f+ g)(x) = U Oc, F(X) + 0,8(x), x € domf Ndomg.

€1+€2=¢,€1,62>0
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Calculus Rules

-(F+e)) > U (@04F() +0-,8(x).

n>0 £1,62>0
e1tex=¢e+n

Theorem (Jeyakumar et al, 2007)

Let X be a set and let L be a set of abstract linear functions on X,
f,g: X = Ry be H—convex functions, dom f Ndom g # (). Then, equality

epif* + epig* =epi(f + g)*
holds iff for any € > 0,

O:(f+ g)(x) = U Oc, F(X) + 0,8(x), x € domf Ndomg.

€1+€2=¢,€1,62>0

o
& Transforming
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Pointwise convergence topology

o.(F+8) )=l | U (0af(x) +0-.8(x)

n>0 £1,62=€+M
€1,62>0
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Pointwise convergence topology

o.(F+8) )=l | U (0af(x) +0-.8(x)

n>0 £1,62=€+M
€1,62>0

On F, consider the weakest topology that makes all the functions
x:F —= R, f — f(x) continuous.
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Pointwise convergence topology

O (F+e) ) =" U (0af(x)+0-8(x)
n>0 61,62:;3'7]

On F, consider the weakest topology that makes all the functions
x:F —= R, f — f(x) continuous.

The set L satisfies the following conditions:

A- L is an R—vector space;

B- L is closed in F w.r.s pointwise convergence topology.
Then L is locally convex space.
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Basic properties

@ For any x € X, the function £ 3 | — ¢,(/) := I(x) is continuous;
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semicontinuous;
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Basic properties
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Basic properties

@ For any x € X, the function £ 3 | — ¢,(/) := I(x) is continuous;

@ for any function f : X — R, its conjugate function f* is lower
semicontinuous;

© L—convex sets are closed;

@ H—convex sets are closed;

@ forany f: X = Ry, x €dom f and € > 0, the e-subdifferential 9.f(x) is
closed;
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Basic properties

@ For any x € X, the function £ 3 | — ¢,(/) := I(x) is continuous;

@ for any function f : X — R, its conjugate function f* is lower
semicontinuous;

L—convex sets are closed;

‘H—convex sets are closed;

forany f : X = R, x € dom f and ¢ > 0, the e-subdifferential 0.f(x) is
closed;

000

@ for any functions f, g, x € domf Ndom g, and £ > 0,
N U 04f(x) +d.8(x) CO-(f +8) (x);

n>0 €1,6220
e1ter=e+n
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Basic properties

@ For any x € X, the function £ 3 | — ¢,(/) := I(x) is continuous;

@ for any function f : X — R, its conjugate function f* is lower
semicontinuous;

L—convex sets are closed;

‘H—convex sets are closed;

forany f : X = R, x € dom f and ¢ > 0, the e-subdifferential 0.f(x) is
closed;

000

@ for any functions f, g, x € domf Ndom g, and £ > 0,
N U 04f(x) +d.8(x) CO-(f +8) (x);

n>0 €1,6220
e1ter=e+n

@ Let F,G € F and G < F. Then the set
A= {f ceF:GL<f<L F} ?DataScience

Transforming

. Maintenance
IS compact.
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Sum rule

X—nonempty, F = XR, L—space of abstract linear functions, weak™® closed in F.

Given two functions f,g : X — R, dom f Ndom g # (), assume that

cl (epi f* +epig*) =epi (f +g)".

Then, for any number € > 0, for all x € dom f Ndom g,

g (Fre) =] U 0.f(x) +0.800

n>0 e1+e2=¢e+n
€1,62>0

holds for all x € dom f Ndom g.
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Zero Duality Gap

Given m functions f,...,f, : X = R, (m > 2), consider the problem

inf Zf,-(x) , (P)
i=1

st. xe X.
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Zero Duality Gap

Given m functions f,...,f, : X = R, (m > 2), consider the problem

inf (Z f,-(x)) , (P)
i=1
st. xeX.

The dual problem of (P) is given as follows:

sup <Z —fi*(/i)> : (D)
i=1
st. h,....l, €L,
h+...+1n=0.
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Zero Duality Gap

Given m functions f,...,f, : X = R, (m > 2), consider the problem

inf (Z f,-(x)> : (P)
i=1

st. xe X.

The dual problem of (P) is given as follows:

sup <Z —fi*(/i)> : (D)
i=1
st. h,....l, €L,
h+...+1n=0.

Denote by v(P), v(D), the optimal values of (P) and (D). ?T?:rtlgfsocr:i?lfg
Zero duality gap holds if v(P) = v(D). In general, v(P) > v(D). el lsies
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Zero Duality Gap and Infimal Convolution

v(P) = inf (Z fi(X)) =— <Z fi) (0); (P1)

i=1

v(D) = sup (Zﬂ-*(l;)) =—(f0...07)(0). (D1)

ht =0 \ =5
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Zero Duality Gap and Infimal Convolution

v(P) = inf (Z fi(X)) =— <Z fi) (0); (P1)

i=1
v(D) = sup (Zﬂ-*(l;)) = —(R0O...0)(0). (D1)

ht =0 \ =5

Recall: — (Z f,-) > —f0...0Off.

i=1
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Zero Duality Gap and Infimal Convolution

v(P) = inf (Z fi(X)) =— <Z fi) (0); (P1)

i=1

v(D) = sup (Zﬂ-*(l;)) =—(f0...07)(0). (D1)

ht =0 \ =5

Recall: — (Z f,-) > —f;0...0f,. Thus, the zero duality gap is equivalent to
i=1
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i=1
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Zero Duality Gap and Infimal Convolution

v(P) = inf (Z fi(X)> =— <Z fi) (0); (P1)

i=1

v(D) = sup (Zﬂ-*(l;)) =—(f0...07)(0). (D1)

ht =0 \ =5

Recall: — (Z f,-) > —f;0...0f,. Thus, the zero duality gap is equivalent to
i=1

<Zm: f;) (0) = (£O...05)(0).
i=1

Borwein, Burachik and Yao (2014)

Maintenance

m *
Data Science
( E f;) =f0...0f. ?Transforming

Bui Thi Hoa (Curtin Uni & ITTC) Abstract Convexity Webinar 2020 18 /29



Conditions for Zero Duality Gap |

X—nonempty, F := X®, L—space of abstract linear functions.
Let f;: X — Ryo where (i =1,...,m) (m > 2) with () dom £ # (). Consider

i=1
the following five conditions:

° (Zf;) =f0...0f; in £;
i=1

@ Forevery xe X and e >0,

O-(A+...+fm)(x) =) U 0.A0)+ .. + 0., fu(x)
n>0 sl+...f§,nozs+n
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Conditions for Zero Duality Gap I

© There exists K > 0 such that for every x € ﬂ dom f;, and every € > 0
i=1

0. (zm: f,-) (x) C zm: Ok=F(x).
i=1 i=1

m
@ There exists K > 0 such that for every x € ﬂ dom f;, and every € > 0
i=1

cl [zm: Gsf,-(x)l C Zm:(’?KEﬁ-(X).

Q f°00...0f is lower semicontinuous;
We have (I) = (ii) = (iii) = (iV) = (V) ?Data Science
¥ Transforming
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Conditions for Zero Duality Gap

If the sum rule

0-(F+e) )= el | U 04f(x)+0-8(x)

n>0 g1tex=e+n
€1,6220

holds, then all five statements are equivalent.
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Sufficient and necessary conditions

X—nonempty, F := XR, L—space of abstract linear functions. Let f; : X — R
m

(i=1,...,m) (m>2) with ) dom £ # 0.
i=1

Theorem

The following conditions are equivalent.

@ For all e > 0, there exists an x € X such that

O:f(x)+ ...+ 0:fm(x) 2 0.

>} (ij f,-) (0) = £0...0F%(0) < +oo.

i=1

4
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Sufficient and necessary conditions

X—nonempty, F := X%, L—space of abstract linear functions. Let f; : X — R
m

(i=1,...,m) (m>2) with ) dom £ # 0.
i=1

Theorem

The following conditions are equivalent. Furthermore, the x for which condition
(*) holds is a solution of problem (P).

@ There exists an x € X such that

O:fi(x) + ...+ 0-fm(x) 2 0. @)

2] (ij f,-) (0) = f0...0F*(0) < +oo.

vy
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Example

X =R, L:={¢,: ¢a(t) := at?,a € R} is a space of abstract linear functions.
H = {V,,: W, ,(t) ;= at> + b, a, b € R} is the space of abstract affine functions.
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X =R, L:={¢,: ¢a(t) := at?,a € R} is a space of abstract linear functions.
H = {V,,: W, ,(t) ;= at> + b, a, b € R} is the space of abstract affine functions.

Let f, g be any H—convex functions, we have cl(supp f + supp g) is H—convex.
Consequently,
cl(epif* +epig”) =epi(f + g)*.

The sum rule holds for every H—convex functions.
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Example

Consider three H—convex functions
fi(x) == x* — x?;
f(x) :=1-2]|x|;

1-2|x] —05<x<0.5,

0 otherwise.

‘l ‘Jix/)Tr\\\)\ ; 1
y .\
S+ \
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Figure 7: Support set of f;. Figure 8: Support set of f. Figure 9: Supporgetaaa fzr.ming
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Their conjugate functions

(a+12 o
f(6s) =sup{oa(x) — ()} =4 4 =0
x€R 0 a< —1;
+00 a>0,
£ (6a) = sup {6a(x) — H(x)} = !
x€R -1-- a<0
400 a>0,
F(00) =sup{0s0) — B =15 acl-2.00
xeR 1
“1-- a<-2
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Figure 10: Sum function i + f» + f5. Figure 11: Dual function
—f" — £ — ;" in the subspace
()bal + (z)az + ¢a3 =0.

The minimization problem

v(p) :==min(fi + L+ f), (p)

has the dual problem

v(d):=  sup  (=f(¢a) = H(¢2) — 5(¢3)) - (d)

¢a1 +¢az +¢a3 =0
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Figure 10: Sum function i + f» + f5. Figure 11: Dual function
—f" — £ — ;" in the subspace
()bal + (z)az + ¢a3 =0.

The minimization problem

v(p) :==min(fi + L+ f), (p)

has the dual problem

v(id):=  sup  (=H(¢a) = H(¢2) — () - (d)
¢a1 +¢22+¢a3:0 .
Apply condition (*) for x = £1, we have the zero duality gap holds, 2852&%’.‘.53

. Maint
x = %1 are the solutions of (p). auntenanes
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Thank You!

% Data Science
Transforming
Maintenance

Bui Thi Hoa (Curtin Uni & ITTC) Abstract Convexi



	Abstract convex funnctions
	Sum rules
	Zero duality gap
	Example

