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1. INTRODUCTION

The Clarke’s inverse function theorem [6, Theorem 1] generalizes the classi-
cal inverse mapping theorem from C' smooth to locally Lipschitz continuous
mappings and can be stated as follows:

If all matrices in the Clarke generalized Jacobian at a reference point of a
locally Lipschitz continuous mapping from a Euclidean space into itself are non-
singular, then this mapping admits locally an inverse which is Lipschitz contin-
UOUS.

For mappings with values in another Euclidean space having a smaller dimen-
sion, we have the Pourciau’s open mapping theorem [16, Theorem 6.1]:

If all matrices in the Clarke generalized Jacobian at a reference point of a
locally Lipschitz continuous mapping from a FEuclidean space into another Eu-
clidean space have full rank, then this mapping is open around the reference point
with a linear rate.

This statement means, in particular, that the inverse (set-valued) mapping
admits a local (single-valued) selection which is defined around and calm at the
reference point. A. V. Arutyunov, A. F. Izmailov, and S. E. Zhukovskiy [2]
proved that one can find a selection which is, in addition, continuous around the
reference point.

In the second section, we use the Ekeland’s variational principle to establish Ioffe-type conditions guaran-
teeing the existence of a solution of a non-linear non-smooth equation. This statement easily implies criteria
for the usual openness with a linear rate at/around a point for mappings acting in Banach spaces as well as
in Fréchet spaces. Most importantly, it also implies a sufficient condition for the existence of a continuous and
calm selection for the inverse of a single-valued Lipschitz continuous mapping between Banach spaces having
a closed domain. In the third section, by example of the Bartle-Graves theorem, we illustrate that the general
criterion yields elegant proofs following the same pattern, as in the case of linear openness, by considering
mappings instead of points. In the fourth section, we concentrate on approximations of a mapping in question
by positively homogeneous mappings. We derive conditions ensuring the usual openness with a linear rate
around the reference point. Then, under stronger assumptions, we present a related statement on the existence
of a continuous and calm selection for the inverse mapping. In the last section, we derive corollaries in case
that a positively homogeneous approximation of the mapping under consideration is generated by bunches of
linear operators, in order to illustrate that our general results cover and unify various statements from the

literature.
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2. REGULARITY CRITERIA

The Ekeland’s variational principle implies a condition guaranteeing that
a non-linear non-smooth equation is solvable for a given right-hand side.

Proposition 2.1. Let X and Y be non-empty sets, let x € X, let a mapping
g: X =Y be defined on all of X, and fix a point y € Y. Suppose that there
exists a complete metrics ( = ¢, on X and a function ¥ = v, : Y — [0, 00],

defined on the whole Y, such that 9(g(z)) < oo, that 9~1(0) = {y}, and that the
function ¥ o g is lower semi-continuous on (X, (). If for each x € X satisfying

(1) 0 <d(g(z)) <I(g(7)) - ((z,7)
there is a (better) point & € X such that
(2) I(g(2)) < I(g(x)) = ¢(2,2),

then there exists a point uw € X such that g(u) =y and ((u,z) < ¥ (g(7)).

Proof. If g(Z) = y, then uw := T satisfies the conclusion. Further, assume that y # ¢g(Z). The Ekeland’s
variational principle yields a point © € X such that

3) I(g(w) < ¥(g(2)) — ((u, T)
and
(4) ¥(g(z)) > ¥g(w)) — ((z,u) for every z € X.

Then ((u,z) < 9(g(Z)). Assume that g(u) # y. Thus ¥(g(u)) > 0 and (3) says that (1), with z := u, holds.
By the assumption, there is a point & € X such that 9(g(2)) < 9(g(u)) — ¢(£,u). Setting z := & in (4), we get
that ¥(g(2)) > ¥(g(u)) — ¢(&,u), a contradiction. Consequently g(u) = y. O

Remark 2.2. If the values of ¢ are finite, then the result above follows from [12, Lemma 1], a slight refor-
mulation and generalization of the Caristi’s fixed point principle, proved by an iterative procedure since that
time the use of the Ekeland’s variational principle was not so common in variational analysis. Note that a less
general version of [12, Lemma 1] was rediscovered as [1, Theorem 3].

Since the function 9 as well as the metrics ¢ in Proposition 2.1 are allowed to depend on the choice of the
right-hand side y, we get [4, Proposition 3] in Fréchet spaces. This is straightforward and a precise formulation
requests several specific notions, we leave performing details to an interested reader (if any).

We derive two corollaries of the above result in the Banach space setting

(although they are valid in metric spaces as well).

Proposition 2.3. Let (X, || -||) and (Y,|| - ||) be Banach spaces, let & € X, and
let ¢ and r be positive constants. Consider a mapping f : X — Y, with closed
domain > &, which is continuous on Bx[Z,r] N Q. Assume that for every
x € Bx[z,r]NQ and every y € By[f(Z),cr| satisfying
(5) 0 <|[If(z) —yll < If(z) =yl = clle — ]|
there is a (better) point & € Q such that

(@) = yll < 1f(2) =yl = cll& =]
Then f(Bx[z,t]NQ) D By[f(Z),ct] for every t € (0,7].

Proof. Fix an arbitrary ¢ € (0,r] and y € By[f(Z), ct]. Apply Proposition 2.1
with X := Bx[z,7]NQ, ¥(v) :=|lv—yl|/c,v €Y, and g := f. O
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The proofs in [2| are based on a reformulation of the Caristi’s fixed point
principle (see Remark 2.2). Proposition 2.1 gives a statement guaranteeing the
existence of a selection for the inverse mapping which is defined around, calm
at, and continuous around the reference point. Given Banach spaces (X, | - ||)
and (Y, - ||), denote by €(D; R) the set of all continuous mappings h: X — Y,
with domain D C X and valuesin R C Y.

Proposition 2.4. Let (X, | -||) and (Y,|| - ||) be Banach spaces, let & € X, and
let ¢ and r be positive constants. Consider a mapping f : X — Y, with closed
domain Q0 > &, which is Lipschitz or just uniformly continuous on Bx|[Z,r] N Q.
Puty = f(z) and assume that for each ¢ € C(Byly,cr|; Q) such that f(e(yo)) #
Yo for some yo € By [y, cr] and that

6)  [f () =yl < ly =9l = cllely) =zl for each y € By[g, cr]
there is a mapping @ € C(Byly, cr]; Q) such that (6) with ¢ := @ holds and that

(7)) sup  |If(PW)—vll < sup |[[f(e(y)—yll—c sup [[@(y) =@l

yEBy [y,cr] yEBy [y,cr] yEBy [y,cr]

Then there exists a mapping ¢ € C(Byl[y,cr];Q) such that f(p(y)) = y and
cllely) — zll < [ly — gl for each y € By[y, cr].

Proof. Put X := {¢ € C(By|y, cr]; Q) : ¢ satisfies (6)}. The set X is non-empty
because it contains the constant function p(-) = z. Put g(p) :== fop, p € X,
and Y := C(By|y, cr]; By [y, 2cr]).

We intend to apply Proposition 2.1. Fix for a while any ¢ € X. Then g(¢) is well-defined and maps into
By [y, 2cr], because ¢ maps into Bx|[Z,r] N Q and for every y € By [y, cr] we have by (6) that

lg(e) (W) = gll = 1 () — gl < f(e(y) —ull + lly — gl < 2|y — gl < 2er.

The continuity of f immediately implies that g(¢) is continuous. Thus g maps X into Y. Let I(y) ==y, y €
By [y, cr]. Clearly I € Y. Define ¢ : X x X — [0, 00) by

Clp1,92) == sup  [lp1(y) — 20, w1,02 €X.
yEBy [7,cr]

That ¢ is a complete metrics on X follows from [10, Theorem 4.3.13] and from the easily verifiable fact that
the validity of (6) is conserved when going to limits in the metrics ¢. Define a function 9 : Y — [0, c0) by

dm)=c ' sup |n(y) —yll, neY.
YyEBy [g,cr]

Then 9(g(®)) = 7 < oo and 9~1(0) = I. The uniform continuity of f at once implies that g is continuous.
From this, we can easily conclude that the function ¥ o g is lower semi-continuous on (X, ¢).

Now, consider any ¢ € X satisfying (1) (where z := ¢ and T := @), that is, 0 < ¥(g(¢)) < ¥ g(®)) — (@, §)-
Then, in particular 9(g(¢)) > 0, i.e., g(p) # I, i.e., f(¢(y)) # y for some y € By[y,cr]. Also, (6) holds as
¢ € X. Thus there is a mapping @ € X such that (7) holds, which is (2), where z := ¢ and & := $. Applying
Proposition 2.1, with y := I, we find a mapping @ € X such that g(@) = I and ¢(@, ) < ¥(g(®)). Thus, for
every y € By [g, er], we have £(3(y) =y and ¢|3(y) — 7ll < lly — 7 — 1f(@)) — yll = ly — s here we used
that @ € X, and so (6) with ¢ := @ holds. O
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3. APPROXIMATION BY ONE LINEAR OPERATOR

As an illustration, let us prove the (updated) Graves’ theorem [9, Theorem
5D.1] and as well as the theorem by Bartle and Graves [9, Theorem 5J.3]. Propo-
sition 2.3 and Proposition 2.4, allow us to avoid the iteration, that is, the con-
struction of a sequence of points [continuous functions| the limit of which is the
desired solution of the equation f(x) =y [continuous selection for f~1].

Theorem 3.1. Let (X, ||-||) and (Y, ||-||) be Banach spaces, let & € X, let «, u,
and 9§ be positive constants. Consider a mapping f : X — Y along with a linear
bounded mapping A : X —Y such that A(Bx) D (« + u)By and that

®)  f(w) = fl2) = Alw—2)| < pllu—=z| for each u,x € Bx[z,0].
Then for each ¢ € (0,«), each & € Bx(Z,0), and each r € (0,0 — || — Z||], the
following statements hold true:
(i) For an arbitraryy € By |[f(Z),cr], there is a point x € Bx|[Z,r] such that
f(@) =y and ¢z —z|| < |ly = f(2)]|
(13) There is a function ¢ € C(By[f(Z),cr]; X) such that f(o(y)) = y and
cllely) =2l < lly = f@)| for each y € By[f(Z), cr].
Proof. Fix arbitrary ¢, z, and r as in the premise. Pick an ¢ > 0 such that
c<a—c Putg:=f(Z)and \:==a+pu—e. Pickaye (0,1/(a+ p)).
As A(Bx) D (a + p)By, conclude that

9) VoeY Fhe X : Ah=wvand A||h|| < |v].

(i) Fix arbitrary « € Bx[z,r] and y € By|[g, cr] such that
0 <|[If(x) =yl <Ny =yl —cllz — x|

Let v := y — f(z). Then z € Bx[&,r] C Bx[z,0]. By (9), there is an h € X
such that Ah = v and A||h]| < ||v]|. Set Z := x + yAh. Then

1@ =[] = yAA] < Aol
and, as ¢y < 1, we conclude that
cllz =zl <cllz — 2l +cllt — 2| < cllz =2 +ervlvll < Mlg —yll < er
Therefore & € Bx|Z,r] C Bx|Z,d]. By (8), we get that
1f(2) = f(x) = AyAR) || < pyA IR < poy o]l
Since A(yAh) = yA\v and YA < 1, we may estimate
ly =@ < lly— flx) =y | +[If(z) = f(&) + A(vAR)|]
(L =M ol + 11/ (2) = f(z) = A(yAR)|
< A=A lloll + pylvll = A =v(a =) [lofl < (1 =) [[v]]
< ol =eAllhll = lly = f@)]| = cllZ — ]|
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Proposition 2.3, with Z := Z and ¢ := r, implies the conclusion in (i).

(ii) In view of (9), the mapping
Y ovr— E(w):={he€X: Ah=wvand A||h| <[]/}

has non-empty closed convex values and is lower semi-continuous on Y. Indeed,
fix an arbitrary v € Y. If o = 0, then E is continuous at o because Z(0) = {0}. Suppose that v # 0. Let Q be
an open set in X such that Z(7) N Q # 0. Pick any h € Z(7) N Q. There is a non-zero h such that Ah = o and
AN < (a4 w)||h]l < ||5]|. As h, h € A~1(T), we can find 7 € (0,1) such that b :=h+7(h—h) € QN A~L(2).
Since A||h|| < ||7||, there are open neighborhoods U C Q of h and V of @ such that A||k|| < ||v|| whenever
h €U and v € V. As A is an open mapping, the inverse A~! is lower semi-continuous at ©. Hence there is a
neighborhood W C V of & such that A~ (v) NU # (} for each v € W. Consequently, for each v € W we have
Ev)NQ D A N v)NU #0.

By the Michael’s selection theorem, there is a continuous mapping n : ¥ — X
such that

(10) An(v) =v and A|n(v)|| < |lv|]| foreach wveY.

We are going to use Proposition 2.4 with (Z,y) replaced by (Z,7). Inequality
(8) ensures that f is Lipschitz continuous on Bx|[Z,d] D Bx|[Z,r]. Let ¢ €
C(Byly, cr]; X) be such that f(¢(yo)) # yo for some yo € By [y, cr] and that
1) ) =yl < lly =gl = cllv(y) = 2| for each y € By[g, cr].

We shall construct a € C(By|[y, cr]; X) satisfying (11) with ¢ := @ such that

(12)  sup  [[f(@W)—yll < sup |[fle@)—yll—c sup () =)l

yEBy [y,cr] yEBy [g,cr] yEBy [y,cr]
Define v:Y — Y and ¢ : Y — X for each y € By|y, cr], respectively, by
(13) v(y) =y — flely)) and 2(y) := @(y) +yAn(v(y)).
Given an arbitrary y € By [y, cr], (11) implies that
©(y) € Bx[z,r] C Bx[7,6] and [jv(y)| = |ly — fle@)Il < lly =gl < er
Thus v(-) and @(-) are well-defined and continuous. By (10), we get that

(14) @) =Wl = A In(w@) < llv@)l  forall y € By[y,er].
As ey < 1, (11) and (14) imply that for each y € By [y, cr] we have that

cllely) =zl < cllely) =z +cllely) — el
(15) < Ay =3l = @Il + ey llv@l < lly — gl < er;
thus p(y) € Bx[Z,r| C Bx|z,?].
We claim that
(16) ly = fF@WI < lo(@)|[(L = (@ —¢€)y) for each y € By[y,cr].

To show this, pick an arbitrary y € By[g,cr]. If y = f(¢(y)) then (16) holds
trivially because v(y) = 0 and thus @(y) = ¢(y). Assume further that y #
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flo(y)), ie. v(y) # 0. We note that n(v(y)) # 0 because An(v(y)) = v(y).
From (8) and (14), we get that

(17) 1F(2(y)) — f(ey) — A@(y) — W) < pyllv(y)ll-
Since A(@(y) — ¢(y)) = v v(y) and yA < 1, (17) yields that
ly = F@W)I = A =vNoy) + fle(y) — f(@(y)) + AB(y) — o))l
< (=) o)l + pyllo@)l = lo@)II(X = (e —)).
Inequality (16) is proved. As ¢ < o — ¢, given any y € By[g, cr], (16) and (15)
imply that

ly = F@WDIT+cllely) =2l < [lo@)l = evllv@l + lly = gl = lle@)] + evllo@)l]

= |y -7l
Hence (11) holds with ¢ := @. By (14),
(18) sup  [|[@(y) =) < sup  Allv(y)].
yEBy [g,cr] yEBy [g,cr]

By the choice of ¢, we have yo # f((yo)), therefore sup,cp,, (5.0 [[0(¥)|| > 0. As
¢ < a — ¢, combining (16) and (18) we obtain

sup ly = f(@@W)l < (I—ecy) sup oy

yEBy [7,cr] yEBy [7,cr]
= sup |ly— fle@)ll—c sup vllv(y)
y€By [fycr] y€By [fycr]
< sup |ly— fle@)l —c sup [[&(y) — oW,
yEBy [§,cr] yEBy [§,cr]

which is (12). Using Proposition 2.4 we finish the proof of (ii). O
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4. POSITIVELY HOMOGENEOUS APPROXIMATIONS

First, we present a quantitative and slightly more general version of [5, The-
orem 3.4].

Theorem 4.1. Let (X, | -||) and (Y,|| - ||) be Banach spaces, let & € X, and let
a, i, and d be positive constants. Consider a continuous mapping f : X =Y,
with a closed convex domain K > Z, and a mapping H : X x X =Y such that
for each x € Bx(Z,90) N K the following conditions hold true:
(i) The mapping H(z,-) is positively homogeneous;
(ii) For each y* € Sy« there is a non-zero h € Bx N cone(K — x) such that
inf (y*, H(xz, h)) > a+ p;
(i) For each h € Bx there is a T > 0 such that for each t € (0,7), with
r+th € Bx(z,0)N K, we have that f(x+th)— f(x) € H(x,th)+ utBy.

Assume finally that one of the following three conditions holds:
(a) For each x € Bx(Z,0) N K and each h € Sx the set H(x,h) is bounded
and Y 1is either reflexive or the norm on'Y is Fréchet smooth;
(b) For each x € Bx(z,0) N K and each h € Sx the set H(x,h) is relatively

norm-compact and Y is either separable or the norm on Y s Gateaux
smooth;

(c) For each x € Bx(Z,6) N K and each h € Sx the set H(x,h) is relatively
weakly compact and the norm on'Y is weakly Hadamard smooth.

Then f(Bx(Z,t)NK) D By (f(Z),ct) for each & € Bx(Z,8)NK, each c € (0, ),
and each t € (0,0 — ||z — z||].
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Now, we present a continuous version of Theorem 4.1.

Theorem 4.2. Let (X, || - ||) and (Y, || - ||) be Banach spaces, let & € X, let a,
A, 1, and § be positive constants. Consider a mapping f : X — Y, which has
a closed convexr domain K > T and is uniformly continuous on Bx[z,0] N K,
along with a mapping H : X x X =Y such that for each x € Bx(Z,0) N K the
following conditions hold true:

(i*) The mapping H(x,-) is positively homogeneous and
(19) H(z,u+v) C H(z,u)+ H(z,v) for each wu,v € X;

(ii) For each y* € Sy~ there is a non-zero h € Bx such that x + \h € K and
inf (y*, H(xz, h)) > a+ p;

(iii) For each h € Bx and each t € (0, \) such that x + th € Bx(Z,0) N K,
we have that f(x +th) — f(x) € H(x,th) + utBy;

(iv) For each ¢ > O there is a f > 0 such that H(u,h) C H(xz,h) + By
whenever h € Bx and u € Bx(x,5) N K with u+ Ah € K.

Assume finally that one of the following two conditions holds:

(a*) The set H(Bx(z,0) N K, Sx) is bounded and either Y is superreflexive
or the norm on Y is uniformly Fréchet smooth;

(b*) The set H(Bx(z,0) N K, Sx) is relatively norm-compact and either Y is
separable or the norm on'Y s uniformly Gateaux smooth.

Then for each ¢ € (0,«), each & € Bx(z,0) N K, and each r € (0,0 — ||z — Z||),
there is ¢ € C(By[f(Z),cr]; K) such that f(¢(y)) = y and c|lg(y) — 2| <
ly = f@)| for each y € By[f(Z),cr].

Remark 4.3. 1. If we replace Bx(Z,d) by Bx|[Z, ] in all the assumptions of Theorem 4.2, then the
conclusion holds also for r := 6 — ||z — Z|.
2. Often, we can assume that g := 0 in Theorem 4.1 and Theorem 4.2. Indeed, suppose that there is
a constant g > 0 such that f(z + h) — f(z) € H(z,h) + p||h||By for each (z,h) € X X X. Then
H(x,h) := H(x, k) + pl|h|| By, z, h € X, satisfies (iii) with p := 0. If H(z, -) satisfies (i), (i*), (ii), or
(iv) then so does H(x,-) with p:= 0. If H(x,h) is bounded [relatively norm-compact] then H(z, h)
is bounded [has the measure of non-compactness less or equal to pu].



10 RADEK CIBULKA AND MARIAN FABIAN

5. APPROXIMATIONS GENERATED BY SETS OF LINEAR OPERATORS
The key tool is a slightly extended version of [5, Proposition 3.7].

Proposition 5.1. Let (X, |- ||) and (Y,]|| - ||) be Banach spaces, let K C X be
a closed convex set with 0 € K, let a > 0, and let y* € Sy~. Consider a convex
set A C L(X,Y) such that

(20) A(Bx NK) D aBy for every A€ A,
or only that
(21) sup (A*y*, Bx N K) >«  for every A € A.

If X is reflexive, then there exists a non-zero h € BxNK such that inf (y*, Ah) >
a. If the set A*y* is weak® compact and € € (0, «), then there exists a non-zero
h € Bx N K such that inf (y*, Ah) > a — €.

Remark 5.2. 1. Assume that A C £(X,Y) is compact in WOT, then the set A*y* is weak* compact
for every y* € Y*. This follows immediately from the WOT-to-weak* continuity of the assignment
A S Ar— A*y*;
2. In reflexive spaces, the statement above can be found in [12, Lemma 2], and was inspired by Clarke’s
proof of [6, Lemma 3]. Proposition 5.1 can be generalized for bounded fans using the notion of the
adjoint fan [13];
A bounded linear operator between Banach spaces is surjective if and only if
o(A) > 0, where
o0(A):=sup{c>0: A(Bx) D cBy}.
The function (L(X,Y), ||-||) 2 A — o(A) is continuous (even Lipschitz with the
constant 1), see [12, Corollary 6], [15, Lemma 1] or [17, Lemma 2.1]. This also
follows from the Graves’ theorem [9, Theorem 5D.2|, which was generalized to
mappings with closed convex domains, cf. [5, Theorem 3.9]. Hence, in particular,
given a closed convex subset K 3 0 of X, the function

(L(X,Y), |- ]) 2 Ar— ok(A) :=sup{c>0: A(BxNK) D cBy}

is continuous (even locally Lipschitz).
Let us present a generalization of [2, Theorem 4.1], for the case that the
solutions are requested to lie in a prescribed closed convex set.

Theorem 5.3. Let m < n be positive integers and let x € R™ be given. Consider
a mapping f : R™ — R™, Lipschitz continuous around T, and a closed convex
subset K of R™ containing T. Assume that ox_z(A) > 0 for each A from the
Clarke generalized Jacobian 0f(z) C R™ ™. Then

o :=min{ox_z(A): A€ df(z)} >0,

and for each ¢ € (0,7) there exist a neighborhood V' of f(Z) and a continuous

mapping ¢ = V. — K such that f(o(y)) =y and c||o(y) — z[| < |ly — f(2)] for
eachy € V.
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Proof. The set 0f(Z) is compact by [7, Theorem 2.6.2 (a)] and the function ox _;
on df(z) is (Lipschitz) continuous. Hence the minimum in the definition of &
exists and is positive. Let ¢ € (0,5) be arbitrary. Pick an € > 0 such that
¢ <d—2e Thus e < a/2. As f(z) is a bounded set, there is an s > 0 such
that

A= 3f(i‘) -+ EBRnxm C SBRnxm.

Find 6 € (0,e/(s + &)) such that f is Lipschitz continous on Bg[Z,d] and
that df(z) C A for each z € Bgn(Z,0); the latter is possible thanks to the
upper semi-continuity of df [7, Proposition 2.6.2 (c)]. Define H(z,h) := Ah,
(x,h) € Brn|[z,0] x R™. Note that A is a convex set. For all u, x € Bgn(Z,0)NK,
the Lipschitz mean value theorem [7, Proposition 2.6.5] implies that

f(u) = f(z) € co (Of([u,z]))(u—z) C A(u— z) = H(z,u— x).

(Here we stress that, given a set M C R", the symbol 0f (M) always means the
union (J,c,, 0f(x).) Therefore (i*), (iii) with 4 := 0 and A := 1, (iv), and (a*)
in Theorem 4.2 are satisfied. We will show that (ii) therein holds as well. So, fix
any x € Bgn(Z,0) N K and any y € Sgm. Since 0 € K —Z and og_z(A) >0 —¢
for each A € A, Proposition 5.1, with o := & — ¢, implies that there is a
u € Brn N (K — Z) such that inf (y, Au) > 6 —e. Let h:= (1 —d)u+ (z — x).
As § < e/ < 1/2, we have that ||h]| < (1 — )+ = 1; that

r+h=+(1-0)uez+(1-0)(K—-z)CcCz+K—-z=K;
and also that
inf (y, Ah) > (1 —0)inf (y,Au) — sljz — || > (1 = 9)(d —¢) — s
> g—c—0(0+s)>0— 2e.
As H(xz,h) = Ah for each x € Bga(Z,0), we showed (ii) with A := 1, o := 7 —2¢,
and p := 0. Now Theorem 4.2, with r := /2 and & := Z, finishes the proof. O

Finally, we derive [2, Theorem 5.1], which is a semi-local version of the above
statement, that is, the size of the neighborhoods is prescribed. For simplicity we
consider K = R" only, but a generalization to arbitrary closed convex domain
is immediate.

Theorem 5.4. Let m < n be positive integers, let § be a positive constant, and
let x € R™ be given. Consider a mapping f : R® — R™, which is locally Lipschitz
continuous on an open set U D Bgn[Z, 8] and such that

o :=min{o(A): A€ df(zx), x € Br:[z,0]} > 0.

Then for each ¢ € (0,0) and each & € Bgn(Z, ) there is a continuous mapping

¢ 2 Brm[f(Z), cr] = R such that f(o(y)) =y and cllo(y) — | < [ly — f(D)]]
for each y € Bgrm|[f(Z),cr], where r:=§ — || — Z||.
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Proof. Fix any ¢ € (0,5). Put Q := Bgn|[Z,0]. As f is locally Lipschitz con-
tinuous on U, it is Lipschitz continuous on the (compact) set 2. Hence there
is an s > 0 such that 9f(2) C sBgmxn. By [7, Proposition 2.6.2], 9f is upper
semi-continuous with compact (convex) values. This justifies taking “min” in
the definition of 7.

Consider any A € (0,00). Find a finite set F\ C Q such that (J,cp Ben(y, A)
contains €2. For x,y € Q2 put

Yay(x) = dist (L Q\ Bgn(y, )\))
and then

Uay(T) == May(@ /ZzEFA’y)\Z ).
It is easy to check that v ,(-)’s are continuous (even locally Lipschitz) functions.
Also 32 cp Vay(z) =1 for every z € . Finally, define the mapping A, : 2 =
R™>"™ by

Zy,\y )00 (Bra(y,20) NQ), z €.

yery
Clearly, A, has compact convex values. It is left for a reader to verify that

Ay 1 Q = R™™ is upper (and also lower) semi-continuous. Further, we note
that, given any z € (), we have

(22)  Of (Bra(z,A) N Q) C Ax(z) CTOOf(Bra(z,30) N Q) (C sBgmxn).
Indeed, for each y € F\ such that vy,(x) > 0 we have x € Bgn(y,\); thus
Bgn(z,A) C Brn(y,2)) C Bga(z,3)), which implies both the inclusions.

Pick an a € (¢,0); say o := (¢ + &)/2. We claim that there is a A € (0, 00)
such that for each u € Q and each A € A,(u) we have 0(A) > a. Suppose,
on the contrary, that for each ¢ € N, there are u; € Q and A; € Ay/;(u;) such
that 0(A4;) < a. Assume, without any loss of generality, that the sequence (u;)

converges to a u € €). From the upper semi-continuity of 0f at u, find an i € N
so big that

Of (Brn(u,3/i + |lu— wl])) C 0f (w) 4+ (& — @) Brmsxn.
Then, using the latter inclusion in (22), we get
A; € Avji(w) Ccodf (Bre(us,3/1) NQ)
C @ df (Bre(u,3/i+ |lu — usl])) C 0f(u) + (6 — @) Brmxn.
Thus, there is an A € 0f(u) such that [|A — A;|| < & — a. Therefore, using a
well known fact that the function o(+) is 1-Lipschitzian, we get that
a>0(A)>0(A)-||[A-A] >c—-(0—a)=q,

a contradiction.
Now we are ready to apply Theorem 4.2, by verifying all the assumptions
therein. Consider the o defined in the previous paragraph and keep the A found
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in the Claim above. Put g := 0, K := R", and H(z,h) := A,(x)h for each
(x,h) € Q@ x R". Then the assumptions (i*), (iv), and (a*) in Theorem 4.2 are
clearly satisfied. To verify (ii), fix any z € Q and any y € Sgm. As a < 7,
Proposition 5.1, with A := A,(z), yields an h € Bgn such that inf (y, H(z, h)) =
inf (y, Ax(x)h) > a. Trivially x + Ah € K = R". Concerning (iii), pick arbitrary
t € (0,\) and h € Bgn with = + th € 2. The Lipschitz mean value theorem [7,
Proposition 2.6.5] and the first inclusion in (22) imply that

f(z+th)— f(z) € (codf|x,z+ th])(th)
C (0df(Bre(z,A)NQ)) (th) C Ax(z)(th) = H(x, th).
Apply Theorem 4.2 to finish the proof (see Remark 4.3.1). O
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