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Preliminaries

I Here, we consider sets, mappings and bifunctions defined on
finite dimensional Euclidean spaces.

I We tackle the premonotonicity via the graph of the mappings
instead of the mapping themselves.

I Each mapping T is a subset of Rn × Rn, where
T (x) := {u ∈ Rn : (x , u) ∈ T} and
dom(T ) = {x ∈ Rn : T (x) 6= ∅}.

I A, int(A), co(A), ∂A and A∞ denote the closure, the interior,
the convex hull, the boundary and the recession sets of the set
A respectively.

I B(x , r) denote the open ball with center in x and radio r ≥ 0

I NA(x) denote the normal cone of the set A at a point x ∈ A.

I If A is a bounded set, the diameter of A is denoted by
diam(A) = sup{‖x − y‖ : (x , y) ∈ A× A}.
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Diametrically maximal sets

I It is evident that for each bounded set A, its diameter
diam(A) is unique.

I A set A is called diametrically maximal (diamax, from now
on) set if for any set B such that A ⊂ B and
diam(A) = diam(B), then A = B. This definition is
equivalent to another one, which appears in the literature as a
diameter complete set. This class of sets was introduced by
Meissner, as a diametrically complete set, in 1911 and
Eggleston (1965) called it as diametrically maximal.

I Let A be a nonempty bounded set. The following function
fA : Rn → R defined by fA(x) = supy∈A ‖y − x‖ has the
following properties:

I It is convex (and so continuous) function and fA = fco(A).

I It has a unique minimizer, and it is called centroid of A and
denoted by C (A). fA(C (A)) is called Chebyshed radius.

I A ⊂ B(x , fA(x)) ∀x ∈ Rn,
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Properties of diamax sets

I Proposition 1

I Diamax sets are convex and closed.

I If A is a diamax set, then αA + a is also a diamax set.

I Definition

I A pair (a, b) ∈ A×A is called antipodal if ‖a− b‖ = diam(A).

I A midpoint of a bounded set C is the midpoint of an
antipodes pair (a, b) of C (i.e. a+b

2 ).

I Proposition 2

I Every bounded set has antipodes.

I Proposition 3

I A bounded set A admits a ball as a diamax set extension if
and only if it has one unique midpoint.
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Properties of diamax sets

I Proposition 4

I If C is a diamax set with diameter s > 0, then the ball B(c , r)

is contained in C for any midpoint c of C and r = (1−
√
3
2 )s.

It implies that any diamax set, with diameter strictly positive,
has nonempty interior.

I B(x̄ , fA(x̄)) is the minimal ball contains the set A if and only
if x̄ = C (A).

I For any bounded set A, any point in the boundary of any
diamax extension set D of A is part of an antipodal pair of D.

I Theorem

I The following statements are equivalent

I A is a diamax set

I A is convex and compact, and
∂A = {x ∈ Rn : fA(x) = diam(A).

I A = ∩x∈∂AB(x , diam(A)).

Iusem Alfredo Sosa Wilfredo Universidade Catolica de Brasilia This research, partially, was developed at CRM under the Research in Pairs CallOn diametrically maximal sets, maximal premonotone mappings and premonotone bifunctions



Properties of diamax sets

I Proposition 4

I If C is a diamax set with diameter s > 0, then the ball B(c , r)

is contained in C for any midpoint c of C and r = (1−
√
3
2 )s.

It implies that any diamax set, with diameter strictly positive,
has nonempty interior.

I B(x̄ , fA(x̄)) is the minimal ball contains the set A if and only
if x̄ = C (A).

I For any bounded set A, any point in the boundary of any
diamax extension set D of A is part of an antipodal pair of D.

I Theorem

I The following statements are equivalent

I A is a diamax set

I A is convex and compact, and
∂A = {x ∈ Rn : fA(x) = diam(A).

I A = ∩x∈∂AB(x , diam(A)).

Iusem Alfredo Sosa Wilfredo Universidade Catolica de Brasilia This research, partially, was developed at CRM under the Research in Pairs CallOn diametrically maximal sets, maximal premonotone mappings and premonotone bifunctions



Properties of diamax sets

I Proposition 4

I If C is a diamax set with diameter s > 0, then the ball B(c , r)

is contained in C for any midpoint c of C and r = (1−
√
3
2 )s.

It implies that any diamax set, with diameter strictly positive,
has nonempty interior.

I B(x̄ , fA(x̄)) is the minimal ball contains the set A if and only
if x̄ = C (A).

I For any bounded set A, any point in the boundary of any
diamax extension set D of A is part of an antipodal pair of D.

I Theorem

I The following statements are equivalent

I A is a diamax set

I A is convex and compact, and
∂A = {x ∈ Rn : fA(x) = diam(A).

I A = ∩x∈∂AB(x , diam(A)).
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Premonotone mappings

I For each mapping T ⊂ Rn × Rn, we consider ∀x ∈ dom(T ):

I δT (x) = supy 6=x ,y∈dom(T ){sup(u,v)∈(T (x)×T (y))〈u − v , y−x
‖y−x‖〉}

I σT (x) = max{0, δT (x)}
I Definition

I A mapping T ⊂ Rn × Rn is premonotone if
σT : dom(T )→ [0,∞)

I Lemma 1

I If T is premonotone, then for each x ∈ dom(T ),
σT (x) ≤ supy 6=x ,y∈dom(T ) σT (y)

I Proposition 6

I Let T ⊂ Rn × Rn be a mapping. T is premonotone if and
only if 〈u − v , y − x〉 ≤ min{σT (x), σT (y)}‖y − x‖ < +∞
∀{(x , u), (y , v)} ⊂ T
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Premonotone mappings

I Given T : Rn ⇒ Rn, we consider the mappings cl(T ), co(T ),
defined as cl(T )(x) = cl(T (x)), co(T )(x) = co(T (x)). We
consider also the mapping T whose graph is the closure of the
graph of T .

I Proposition 7
I If x ∈ dom(T ), then T (x) ⊂ co(T )(x),T (x) ⊂

cl(T )(x) ⊂ T (x).
I dom(co(T )) = dom(cl(T )) = dom(T ) ⊂ dom(T ).
I If one among {T , cl(T ), co(T ),T} is premonotone, then all

of them are premonotone.
I The sum of two premonotone operators is premonotone in

each point in the intersection of its domains. Moreover, σ of
the sum is the sum of σs on the intersection of its domains.

I If T is premonotone, then there exists a premonotone mapping
T ′, an extension of T , such that T ⊂ T ′, σT (x) ≤ σT ′(x)
∀x ∈ dom(T ) and int(dom(T ′)) is nonempty and convex.
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Maximal premonotonicity

I Before to define the maximal premonotonicity, we consider
two alternative form in order to understand how to add points
to the premonotone mapping T using the function σT

I T h(x) = {u ∈ Rn : 〈u − v , y − x〉 ≤
min{σT (x), σT (y)}‖y − x‖∀(y , v) ∈ T}

I T c(x) = {u ∈ Rn : 〈u−v , y−x〉 ≤ σT (y)‖y−x‖∀(y , v) ∈ T}
I The following examples show that two mappings are different.

I Example 1

I Let F ⊂ R× R be a mapping defined by F (x) = sin(x)
∀x ∈ R

I σF (x) = 1 + | sin(x)| ∀x ∈ R. So, F is premonotone

I F h(x) = [−| sin(x), | sin(x)|] ∀x ∈ R.

I F c(x) = [−1, 1] ∀x ∈ R
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Maximal premonotonicity

I Example 2

I Let G ∈ R× R be defined by G (x) =

{
x + 2 if x ≤ −1
x − 2 if x ≥ 1

I dom(G ) = {x : |x | ≥ 1} and

σG (x) =

{
0 if |x | ≤ 3

3− |x | if 1 ≤ |x | < 3

I Gh(x) =


x + 2 if x ≤ −3

[-1,2+x] if −3 < x ≤ −1
[x-2,1] if 1 ≤ x < 3
x − 2 if x ≥ 3

I G c(x) =


x + 2 if x ≤ −3

[-1,2+x] if −3 < x ≤ −1
[-1,1] if x ∈ (−1, 1)
[x-2,1] if 1 ≤ x < 3
x − 2 if x ≥ 3

I Note that dom(Gh) is no convex and dom(G c) is convex.
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Maximal premonotonicity

I Definition

I A mapping T ⊂ Rn × Rn is maximal premonotone if
int(dom(T )) is nonempty and convex and for T ′ ⊃ T with
σT ′ = σT , then T = T ′.

I If T is premonotone, then there exists a σ-maximal
premonotone mapping T ′, an extension of T , such that
T ⊂ T ′, σ is a function such that σ(x) ≥ σT (x)
∀x ∈ dom(T ) and int(dom(T ′)) is nonempty and convex.

I For the example 1, F h is a σF -maximal premonotone
extension of F . But, taking σ = σF c , then F c is another
σ-maximal premonotone extension of F .

I For the example 2, Gh is not a maximal premonotone
extension of G (is only a premonotone extension of G ), and
G c is a σG -maximal premonotone extension of G .
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Properties of T h and T c

I Proposition 8

I Assume that T : Rn ⇒ Rn is premonotone. Then,

i) T ⊂ T h ⊂ T c .

ii) (z ,w) ∈ T h if and only if σT ′ = σT , with T ′ = T ∪ {(z ,w)}
iii) T is maximal premonotone if and only if int(dom(T )) is

nonempty and convex and T = T h.

iv) If int(dom(T )) is nonempty and convex, then T h is a
σT -maximal premonotone extensions of T .

v) T h(x) is closed and convex for all x ∈ dom(T ).

vi) T c(x) is closed and convex for all x ∈ co(dom(T )).

vi) If T ,U are premonotone and T ⊂ U then σT (x) ≤ σU(x) for
all x ∈ Rn.
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ii) (z ,w) ∈ T h if and only if σT ′ = σT , with T ′ = T ∪ {(z ,w)}

iii) T is maximal premonotone if and only if int(dom(T )) is
nonempty and convex and T = T h.

iv) If int(dom(T )) is nonempty and convex, then T h is a
σT -maximal premonotone extensions of T .

v) T h(x) is closed and convex for all x ∈ dom(T ).

vi) T c(x) is closed and convex for all x ∈ co(dom(T )).

vi) If T ,U are premonotone and T ⊂ U then σT (x) ≤ σU(x) for
all x ∈ Rn.
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Properties of T h and T c

I Proposition 9

I If T : Rn ⇒ Rn is premonotone, then (T c(x))∞ = ND(T )(x)
for all x ∈ cl(D(T )), with D(T ) = int(co(dom((T ))). And
(T h(x))∞ = (T c(x))∞ ∀x ∈ dom(T ).

I Proposition 10

I Consider a premonotone T : Rn ⇒ Rn and
D(T ) = int(co(dom((T ))). Then, for all x̄ ∈ D(T ) there
exists a compact set K and a neighborhood V of x̄ such that
∅ 6= T c(x) ⊂ K for all x ∈ V .

I Consider a premonotone T : Rn ⇒ Rn and
D(T ) = int(co(dom((T ))). Then, for all x̄ ∈ D(T )∩ dom(T )
there exists a compact set K and a neighborhood V of x̄ such
that ∅ 6= T h(x) ⊂ K for all x ∈ V ∩ dom(T ).
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Maximal premonotone mappings

I Proposition 11

I Let U : Rn → Rn be continuous and strongly monotone with
constant γ, C : Rn ⇒ Rn inner Lipschitz semicontinuous with
constant β, and assume that C (x) is compact for all x ∈ Rn

and that γ ≥ β. Define T : Rn ⇒ Rn as T (x) = U(x) + C (x)
for all x ∈ Rn. Then σT (y) = diam(C (y)) for all y ∈ Rn.

I Proposition 12
I An mapping of the form T = U + C satisfying the

assumptions of previous Proposition is maximal premonotone
if and only if C (x) is a diamax set for all x ∈ Rn.

I Corollary
I Let U : Rn → Rn be a maximal monotone mapping and a

compact set Ĉ ⊂ Rn. The mapping T : Rn ⇒ Rn defined by
T (x) = U(x) + Ĉ is premonotone with σT (x) = diam(Ĉ ) for
all x ∈ Rn. T is σT -maximal premonotone if and only if Ĉ is
a diamax set.
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all x ∈ Rn. T is σT -maximal premonotone if and only if Ĉ is
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Remarks

I If f : Ω→ R if a continuous differentiable function and ε > 0,
then the mapping T : Ω ⊂ Rn → Rn defined by
T (x) = ∇f (x) + εS(x), where S(x)i = sin(xi ) is premonotone
in Ω

I Conjecture

I If T ⊂ Rn × Rn is premonotone, then T c is the union of
maximal monotone mappings.

I If the conjecture is true, we have the following result.

I Any premonotone mapping is a perturbation of a maximal
monotone mapping restricted to its domain.

I Moreover, when the maximal mapping (in the conjecture) is
integrable, then the premonotone mapping is generated by a
perturbation of a convex function.
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Premonotone bifunctions

I For each nonempty set K ⊂ Rn, consider bifunctions
f : K × Rn → R satisfying

B1. For each x ∈ K : f (x , x) = 0,
B2. For each x ∈ K : f (x , ·) : Rn → R is a convex function.
B3. There exists ρ : K → [0,+∞): f (x , y) ≤ ρ(y)‖x − y‖ for all

x , y ∈ K .

I Definition

I Given a function σ : K → [0,+∞), a bifunction
f : K × K → R is σ-premonotone if and for each y ∈ K

supx∈K\{y}

{
f (x ,y)+f (y ,x)
‖x−y‖

}
≤ σ(y)

I Proposition 13

I Let f : K ×Rn → R be a bifunction satisfying assumptions B1
and B2. If f is σ-premonotone bifunction, then f satisfies B3.
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Premonotone bifunctions

I In order to build bifunctios from mappings, we need to
consider the following properties for mappings T ⊂ Rn × Rn,
here D(T ) = int(co(dom(T ))) 6= ∅ and
DT = D(T ) ∩ dom(T ).

A1. T is locally bounded on DT .
A2. T (x) is closed and convex for all x ∈ DT .
A3. There exists ρ : Rn → [0,+∞) such that

〈u, y − x〉 ≤ ρ(y)‖x − y‖ for all x ∈ DT all u ∈ T (x) and all
y ∈ Rn.

I For each mapping T : Rn ⇒ Rn with DT 6= ∅ and satisfying
A3, define the bifunction fT : DT × Rn → R as:

I fT (x , y) = supu∈T (x)〈u, y − x〉 ∀x ∈ DT and ∀y ∈ Rn.

I For each bifunction f satisfying assumption B2, define the
mapping Tf : K ⇒ Rn as

I Tf (x) = (∂f (x , ·))(x) ∀x ∈ K
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Canonical relation

I Proposition 14

I For all mapping T : Rn ⇒ Rn with int(co(dom(T )) 6= ∅ and
satisfying A3, and all bifunction f : K × Rn → R satisfying
B2, the bifunction fT and the mapping Tf are well defined.
Moreover fT satisfies B1-B3, and if f , in addition, satisfies B3
then Tf satisfies A1-A3.

I Corollary
I Consider T : Rn ⇒ Rn and f : K × Rn → R.

i) If T is monotone, then fT is monotone and satisfies B1-B3.
ii) If T is σ-premonotone, then fT is σ-premonotone and satisfies

B1-B3.
iii) If f is monotone and satisfies B2, then Tf is monotone and

satisfies A1-A3.
iv) If f is σ-premonotone and satisfies B2, then Tf is

σ-premonotone and satisfies A1-A3.
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Canonical relation

I Now, consider the map F acting on those T which satisfy A3
defined as F (T ) = fT , and the mapping G acting on the set
of bifunctions which satisfy B2, defined as G (f ) = Tf .

I We will denote by Γ the set of mappings T : Rn ⇒ Rn which
satisfy A1–A3, and Θ the set of bifunctions f : K × Rn → R
which satisfy B1–B3, for some K ⊂ Rn.

I Lemma 2

I For each mapping T : Rn ⇒ Rn satisfying A3, G (F (T ))
belongs to Γ. Moreover, cl(co(T (x))) = G (F (T ))(x) for all
x ∈ int(dom(T )).

I Proposition 15

I The restriction of the mapping F to Γ and the restriction of
the mapping G to F (Γ) are bijections and mutual inverses,
meaning that (F ◦ G )(f ) = f for all f ∈ F (Γ) and
(G ◦ F )(T ) = T for all T ∈ Γ.
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