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We study the subgradient projection algorithm
for minimization of convex and nonsmooth func-
tions, under the presence of computational er-
rors. We show that our algorithms generate
a good approximate solution, if computational
errors are bounded from above by a small pos-
itive constant. Moreover, for a known com-
putational error, we find out what an approxi-
mate solution can be obtained and how many
iterates one needs for this.



We study the subgradient projection algorithm
for minimization of convex and nonsmooth func-
tions and for computing the saddle points of
convex-concave functions, under the presence
of computational errors. The problem is de-
scribed by an objective function and a set of
feasible points. For this algorithm each iter-
ation consists of two steps. The first step is
a calculation of a subgradient of the objective
function while in the second one we calculate a
projection on the feasible set. In each of these
two steps there is a computational error.



In general, these two computational errors are
different. In our recent research (see . J. Za-
slavski, Numerical optimization with compu-
tational errors, Springer, 2016 and A. J. Za-
slavski, Convex optimization with computational
errors, Springer, 2020) we showed that our al-
gorithm generates a good approximate solu-
tion, if all the computational errors are bounded
from above by a small positive constant. More-
over, if we know computational errors for the
two steps of our algorithm, we find out what
an approximate solution can be obtained and
how many iterates one needs for this. In this
talk we discuss a generalization of these re-
sults for an extension of the projected sub-
gradient method, when instead of the projec-
tion on the feasible set it is used a quasi-
nonexpansive retraction on this set. This gen-
eralization is studied in A. J. Zaslavski, The
projected subgradient algorithm in convex op-
timization, SpringerBriefs in Optimization, 2020.
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We study the subgradient algorithm for con-
strained minimization problems in Hilbert spaces
equipped with an inner product denoted by (-, -)
which induces a complete norm || - || and use
the following notation.

For every z € R! denote by |z]| the largest
integer which does not exceed z:

|z| = max{i € R' : i is an integer and i < z}.

For every nonempty set D, every function f :
D — R and every nonempty set C C D we set

inf(f,C) =inf{f(x): z € C}.

Let X be a Hilbert space equipped with an
inner product denoted by (-,-) which induces a
complete norm || - ||.



For each x € X and each r > 0 set

Bx(z,r) ={ye X : |lz—yll <}

and for each z € X and each nonempty set
E C X set

d(z, E) = inf{||lz —y|| : y € E}.

For each nonempty open convex set U C X
and each convex function f : U — R1, for every
x € U set

Of(z) ={le X: fy) - f(=)

> (l,y —x) for all y e U}

which is called the subdifferential of the func-
tion f at the point z.

Let C' be a nonempty closed convex subset of
X and let f: X — Rl be a convex function.



Suppose that there exist L > 0, Mgy > 0 such
that

C' C Bx(0, Mp),

|f(z)—f(y)| < Lijz—y| for all z,y € Bx(0, Mp+2).

It is not difficult to see that for each x €

0 = 8f(33) C BX(O, L).

It is well-know that for every nonempty closed
convex set D C X and every x € X there is a
unique point Pp(x) € D satisfying

|z — Pp(z)|| = inf{|lz -yl : y e D}.

We consider the minimization problem

f(z) = min, z € C.



Suppose that {ay}72y C (0,00). Let us de-
scribe our algorithm.

Subgradient projection algorithm

Initialization: select an arbitrary

z0 € Bx (0, Mg+ 1).

Iterative step: given a current iteration vec-
tor x; € U calculate & € 9f(x¢) and the next
iteration vector x; 41 = Po(xr — ary).

In [1] we study this algorithm under the pres-
ence of computational errors. Namely, in [1]
we suppose that § € (0,1] is a computational
error produced by our computer system, and
study the following algorithm.



Subgradient projection algorithm with com-
putational errors

Initialization: select an arbitrary

20 € Bx (0, Mg+ 1).

Iterative step: given a current iteration vec-
tor xy € Bx (0, Mg+ 1) calculate & € 9f(xt) +
Bx(0,6) and the next iteration vector ;41 € U
such that |lz;41 — Po(ze — ai&e)|| < 6.

In [2] we consider more complicated, but more
realistic, version of this algorithm. Clearly, for
the algorithm each iteration consists of two
steps. The first step is a calculation of a sub-
gradient of the objective function f while in
the second one we calculate a projection on
the set C. In each of these two steps there is
a computational error produced by our com-
puter system. In general, these two computa-
tional errors are different.



This fact is taken into account in the following
projection algorithm studied in Chapter 2 of
[2].

Suppose that {ai}7ey C (0,00) and §r,0¢ €
(0, 1].

Initialization: select an arbitrary

z0 € Bx (0, Mg+ 1).

Iterative step: given a current iteration vec-
tor 2 € Bx (0, Mg+ 1) calculate & € 0f(x¢) +
Bx(0,d7) and the next iteration vector z;4 1 €
U such that [|z;41 — Po(zr — ar&e) || < dc-

Note that in practice for some problems the
set C' is simple but the function f is compli-
cated. In this case i is essentially smaller than
5f. On the other hand, there are cases when
f is simple but the set C is complicated and
therefore o, is much smaller than ic.



In our analysis of the behaviour of the algo-
rithm in [1,2] properties of the projection oper-
ator Py play an important role. In [3] we obtain
generalizations of the results obtained in [1,2]
for the subgradient methods in the case when
the set C' is not necessarily convex and the pro-
jection operator Pg is replaced by a mapping
P : X — C which satisfies

Px = x for all x € C, (1.1)

|Pz — z|| < |[|[x — z]|| for all z € C and all z € X.
(1.2)
In other words, P is a quasi-nonexpansive re-
traction on C'. Note that there are many map-
pings P : X — C satisfying (1.1) and (1.2).
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Indeed, in S. Reich and A. J. Zaslavski, Gener-
icity in nonlinear analysis, Developments in Math-
ematics, Springer, 2014 we consider a space
of mappings P : X — X satisfying (1.1) and
(1.2), which is equipped with a natural com-
plete metric, and show that for a generic (typ-
ical) mapping from the space its powers con-
verge to a mapping which also satisfies (1.1)
and (1.2) and such that its image is C.

Note that the generalizations considered in this
book have, besides their obvious mathematical
interest, also a significant practical meaning.
Usually, the projection operator Po : X — C
can be calculated when C' is a simple set like a
linear subspace, a half-space or a simplex. In
practice, C' is an intersection of simple sets (C},
1 = 1,...,q, where q is a large natural num-
ber. The calculation of Po is not possible in
principle. Instead of it it is possible to cal-
Culate the product P¢, ---FPg, and its powers
(ch---Pcl)m, m=1,2,....

1
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It is well-known (see, for example, A. J. Za-
slavski, Approximate solutions of common fixed
point problems, Springer Optimization and Its
Applications, Springer, Cham, 2016) that un-
der certain regularity conditions on Cj;, + =
1,...,q the powers (ch -+ Pg, )™ converges as
m — oo to a mapping P : X — C which satis-
fies (1.1) and (1.2). Thus in practice we can-
not calculate the projection operator Po but
only a mapping P : X — (C satisfying (1.1)
and (1.2) or, more exactly, its approximations.
This shows that the results of [3] are indeed
important from the point of view of practice.

Optimization problems on bounded sets

Let (X,(:,-)) be a Hilbert space with a inner
product (-,-) which induces a complete norm
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Let C be a closed nonempty subset of the
space X and U be an open convex subset of
X such that C C U. Suppose that L, M > O,
C C Bx(0,M) and that a convex function f :
U — R! satisfies

| f(u1) — f(uo)| < Ljjug — uol| for all uy,up € U.

For each point z € U and each positive number
e let

Of(z) ={le X: f(y) — f(=)

> (l,y —x) for all y € U}

and let
Ocf(z) ={le X f(y) — f(z)

> (l,y—x) —e forall ye U}.
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Denote by M the set of all mappings P: X —
C such that

Pz =z for all z € C,

|Pz — z|| < ||l — 2| for all z € X and all z € C.

Define

inf(f,C) =inf{f(z): z€ C}.

It is clear that inf(f,C) is finite.

Set

Crmin =1z € C: f(z) =Inf(f,C)}.

For all Pc M set P2 = 2, x € X. We assume
that

Cinin 7 0.
Clearly, for each =z € U,

(9f(£6) C Bx(O, L).
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Theorem 1 Assume that 6¢,6c € (0,1], T > 1
is an integer, {at}fz_ol c (0,1],

(P} —g C M,
{zYo C U, {&} 25 C X,

Jzoll < M + 1,
and that for+=0,...,1T — 1,

Bx(&;,0¢) NOf(x;) = 0,

|41 — Pi(x; — &)l < dc.
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T hen

min{f(x¢) : t=0,...,T— 1} —inf(f,C),

T—1 T—1
FUCY a)™ Y o) — inf(£,0)
1=0 t=0
T—1 T—1
< (S ) Y a(f(a) — inf(f,0))
j=0 t=0

<2 1M+ DAY ap) L
-~ O

t=0
T-1 T-1
+271L2(Y o) (Y an) ™
t=0 t=0
T-1
+T6c( > a) MM+ L+3)+6;(2M +L+2).
t=0

(1)
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Theorem 2 Assume that r > 0,

Bx(z,2r) C U for all z € C,

A >0, df,0c € (0,1], ¢ < r, T > 1 is an
integer, {at}tT:_Ol C (0,1],

{PZ}@T:_Ol C Ma
{z} o CU, {&Y/ 24 C X,
|lxo|l < M + 1,

Bx(xg,r) C U,
and that for+=0,...,T — 1,

Bx(&,0¢) Noaf(x;) # 0,

|21 — Pz — )|l < dc-
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Then

min{f(x¢) : t=0,...,T—1} —inf(f,C),

T—1 T—1
FUCY a) ™t S agy) — inf(£,0)
1=0 t=0
T—1 T—1
< (Y ) Y a(f(a) — inf(f,0))
5=0 t=0

T-1
<2TTRM A 1)) e+ A
t=0

T—1 T—1
+2 M L4+ Aar )2 )Y a7t
t=0 t=0

T—-1
+T5c( > a) t(@M +L+34 Ar 1)
t=0

+6,(2M + L+2+4 Ar~1). (2)
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Note that (1) is a particular case of (2) with
A = 0.

Let T" > 1 be an integer and A > 0 be given.
We are interested in an optimal choice of «y,
t =0,...,T — 1 satisfying /"5 a; = A which
minimizes the right-hand side of (2). It was
shownin [1]thatoy = a=T"14,¢t=0,...,T—
1. In this case the right-hand side of (2) is

2~ lomM 4+ )21 la 4+ A
+2 1L 4+ Ar~1H2a
+éca t2M + L+ 3+ Ar 1)

+5(2M +L+2+ Ar 1),
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Now we can make the best choice of the step-
size o« > 0. Since T can be arbitrary large we
need to minimize the function

Sca Y(2M + L+ 3+ Ar 1)
+2 L+ Aar Y%, a>0
which has a minimizer

a=(L+ar HY26:(2M+L+3

+ar itz

With this choice of a the right-hand side of
(2) is
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2~ YoM 4+ )T L+ ArH (250 (2M
+L4+3+ar Y24+ A
+(L+ AarH (2 (M + L+ 3+ ar~1)1/2
+52M +L+2+ Ar 1)
+2 YL+ ArH (25 (2M

+L+3+ Ari)l/2

Now we should make the best choice of T'. It is
Clear that T' should be at the same order as 551.
In this case the right-hand side of (2) does not
exceed c154/° + A +6;(2M + L4 24 Ar—1),
where ¢cq; > 0 is a constant.
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Optimization on unbounded sets

Let (X, {,-)) be a Hilbert space with a inner
product (-,-) which induces a complete norm

Let C' be a closed nonempty subset of the
space X, U be an open convex subset of X
such that

CCcuU

and f: U — Rl be a convex function which is
Lipschitz on all bounded subsets of U.

For each point x € U and each positive number
e let

of(x) ={le X f(y) — f(=)
> (l,y —x) for all y e U}
and let
Oef(z) ={le X f(y) — f(z)
> (l,y—x) —e forall ye U}.
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Assume that

lim Tr) = 00.
xGU,Ha:H—)oof( )

It means that for each Mgy > O there exists
My > 0 such that if a point x € U satisfies the
inequality ||z|| > M7, then f(x) > M.

Define

inf(f,C) =inf{f(z): z € C}.

Since the function f is Lipschitz on all bounded
subsets of the space X, we have that inf(f,C)
is finite.

Set

Cmin={x € C: f(x)=inf(f,C)}.

It is well-known that if the set C is convex,
then the set C,,,;, is nonempty. Clearly, the set
C:n 7 0 if the space X is finite-dimensional.
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We assume that

Cinin 7 0.
It is clear that C,,;, IS a closed subset of C.
Fix
0p € C.
Set
Up={zecU: f(z) < f(6o) + 4}
Clearly, there exists a number K > 1 such that
Ug C BX(O,I_()

Since the function f is Lipschitz on all bounded
subsets of U there exists a number L > 1 such
that

1f(z1) — f(22)| < L||z1 — 22|

for all zq,20 € UﬂBX(O,K—Fll-).
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Denote by M the set of all mappings P: X —
C such that |

Pz =z for all z € C,

|Pz —z|| < ||z — ]| for all z € C' and all z € X.

Theorem 3 Assume that
Ki>K+4, L1 > L,

ér,0c € (0,1],

| f(21) — f(22)] < L1ll21 — 22|

for all z1,2z5> € Bx(0,3K1 +2)NU,
ae(0,(1+L0)2

and that

6p(K+3K1+2+L1) <o,

5o(R 4+3K, + 11 +3) < a.
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Let T'> 2 be an integer
{P}/ =g C Mc,
{mi}i—o C U, {&}{y C X,
ol < K1,

Bx(z0,0c) NC # 0
and that fort=20,...,T —1,

Bx(&,05) NOf(xy) 7 0,
|zi41 — Pilar — o) || < ¢
Then

||£Ut||§2k—|—K1, t=20,...,T

and
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min{f(x¢) : t=0,...,T— 1} —inf(f,C),
T-1

FTE Y x) —inf(f,0)

1=0

_1T 1 N
<T ) flzg) —inf(f,C)

1=0
< (2Ta) " 1(K1 + K)2 + L3a

+a t5o(K+3K1+L1+3)+8;(3K1+K+L142).
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Theorem 4 Assume that
Ki>K+4, L1>L, rg € (0,1],
Bx(z,79) C U, z € C,
|f(z1) — f(22)| < Li|lz1 — 22
for all z1,z0 € By(0,3K1+1)NU,
A € (0,7q], 6¢,60 € (0,27 trq],

a € (0,(L+3)7?,
and that

6;(3K + K1+ 4+L1) <o,

5c(BK+ K1+ L1+2)<a.
LetT"> 2 be an integer
{Pt}f;& C MC?

{zi}l—o C U, {&}123 C X,
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lzoll < K1,

Bx(z0,0c)NC # 0
and that for.=1,...,T — 1,

Bx(&,0¢) NOaf(x) # 0,
|21 — P — o) < dc.
T hen

|lo¢]| < 2K + K1, t=0,...,T

and



min{f(xz¢) : t=0,..., T — 1} —inf(f,C),

T-1

FT Y 2) —inf(f,C)

1=0

<TUN f(a) — inf(f,C)

1=0

< (2Ta) YKy + RK)? + (L1 + 2)2%a
+a 15c(3K + K1 + L1 + 2)

+A +6;(Ky + 3K + L1 + 4).
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Zero-sum games with two players

Let (X, (-,)), (Y,{-,-)) be Hilbert spaces equipped
with the complete norms ||-|| which are induced
by their inner products. Let C be a nonempty
closed convex subset of X, D be a nonempty
closed convex subset of Y, U be an open con-
vex subset of X and V be an open convex sub-
set of Y such that

CcCcU, DCV

and let a function f: U x V — R! possess the
following properties:

(i) for each v € V, the function f(-,v) : U —» R1
IS convex;

(i) for each u € U, the function f(u,-) : V —
R is concave.
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Assume that a function ¢ : Rl — [0,00) is
bounded on all bounded sets and that positive
numbers My, M>, L1, L> satisfy

C C Bx(0, My),

D C By (0, M»),
| f(u1,v) — f(uz,v)| < Liflug — ua
for all v € V and all uy,us € U,
| f(u,v1) — f(u,v2)| < Lallvy — 2|

for all w e U and all vy,vp € V.

Let
rx« € C and y« € D
satisfy
[, y) < f@s, %) < fz,yx)
for each x € C and each y € D.

The following result was obtained in [2].
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Prop 1 Let T be a natural number, 6o, op €
(0,1], {as}{—q C (0,00) and let {b; 1}}—_q, {bt2}i—q C
(0,00). Assume that {azt}tT:_Ibl Cc U, {yt}z;lbl C

V, for eacht € {O,..., T+ 1},

BX(QEt,(SC) NC # ®7

BY(yta 5D) nD 7'_E ®7
for each z € C and each t € {0,...,T},

at(f(zt,yt) — f(2,9t))

< o(llz — x¢l|) — ¢(||]z — zex-1]]) + be.1
and that for eachv € D and eacht € {0,...,T},

at(f(xt,v) — f(xt,y¢))
< (v —ytll) — o(llv — yeg1l]) + bt 2.
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Let

T  Z
Tr = (> a;)" > axy,
i=—0 t=0

T . T
gr = (D> a;)" " ) ays.
1=0 t=0
Then By (Zr, 50) NC # 0,

By (yr,0p) N D # 0,

T T
|( Z CLt>—1 Z a’tf(xtvyt) — f(a:*ay*”
t=0 t=0
T T T
< (3 a)Ttmax{d" by1, D b}
t=0 t=0 t=0

+ max{Lié¢c, L2dp}

T
+(Y ar) "t sup{s(s) :
t=0

s € [0, max{2M7, 2M>} + 1]},
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T

T
F @7, 07) — (3 a) Y arf (@, vr)]
t—

0 t=0

T
< (Y ap) tsup{é(s) : s € [0,max{2My, 2Mp}+1]}
t=0

T T T
+(X a) P max{Y b1, Y b2}
t=0 =

t=0 t=0

+ max{L1dc, L2ép}
and for each z € C' and each v € D,

f(z,97) > f(Z7,YT)

T
—2(2 at)_lsup{qb(s) . s € [0,max{2M1, 2M>}+1]}
t=0

T T T
—2(Y a) T tmax{ Y b1, Y bo}
t=0 t=0 t=0

—max{L1d¢c, L2dp},
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f(@p,v) < f(@7,97)

T
+2(> at)_lsup{qb(s) . s € [0,max{2M1, 2M>}+1]}
t=0

T T T
+2(Y a) "t max{Y b1, 3 bio}
t=0 t=0 t=0

+ max{L15C, L25D}-
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Zero-sum games on bounded sets

Let (X, (-,-)), (Y,{-,-)) be Hilbert spaces equipped
with the complete norms ||-|| which are induced
by their inner products. Let C be a nonempty
closed convex subset of X, D be a nonempty
closed convex subset of Y, U be an open con-
vex subset of X and V be an open convex sub-
set of Y such that

ccu, DcCV.

For each concave function g : V — Rl, each
x €V and each € > 0, set

Og(z) ={leY: (Ly—ux)
> g9(y) —g(=z) for all y € V'},
Beg(z) ={l €Y : (ly—z)+e
> g(y) — g(z) for all y € V'}.
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Suppose that there exist Lq,Lo,M1,M> > O
such that C C Bx(0,M7), D C By(0,M>), a
function f . U xV — R possesses the follow-
ing properties:

(i) for each v € V, the function f(-,v) : U — R1
IS convex,

(i) for each u € U, the function f(u,-) : V —
Rl is concave,

for each v € V,
| f(ug,v) — f(up,v)| < Li|lug — usg|

for all uy,u>» € U

and that for each u € U,
| f(u,v1) — f(u,v2)| < Lallvy — va|
for all vq,vp € V.
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For each (¢,m) € U x V and each € > 0, set

O f(&n) ={leX:
fly,m) = f&n) = {Ly—§
for all y e U},
Oyf(§n) ={leY:
y—m > f(&y) — f(&n)
for all y € V'},
Or,ef(&m) ={l € X
fCy,m) — f(&m) +e>(lLy—§)
for all y e U},
Oyef(§m) ={leY:

(Ly—m)+e> f(&y)— f(&n)

for all y € V'}.
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In view of properties (i) and (ii), foreach £ €¢ U
and each n eV,

(Z) # 8$f(€777) C BX(07 Ll)a

Let
r« € C'and y« € D

satisfy

flxs,y) < fas,yx) < f(2,9%)
for each z € C and each y € D.

Denote by M the set of all mappings P: X —
X such that

Prx =2z, x € C,

|Pz — z|| < ||[x — 2| for all z € X and all z € C
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and by My, the set of all mappings P:Y —Y
such that

Py=y, ye D,

|Py — z|| < ||y — z|| for all y € Y and all z € C.

et 5f,175f,275075D c (O, 1] and {Ozk}zozo C (0,00).

et us describe our algorithm.
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Subgradient projection algorithm for zero-
sum games

Initialization: select arbitrary g € U and yg €
V.

Iterative step: given current iteration vectors
x¢ € U and y; € V calculate

& € Oz f(xt,yt) + Bx (0,07 1),

nt € Oyf(xt,yt) + By (0,d72)

and the next pair of iteration vectors x4 € U,
Y41 € V such that

|41 — Pr(xe — &) || < d¢,
|ye+1 — Qe(yr + cump)|| < 0p,

where P € My, Qt € My.
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Theorem 5 Letdyq,6¢2,0c,6p € (0,1], {ag}iey C
(0, 00),

{Pt}?io C ./\/lU, Pt(X) = C, t = 0,1,...,

{Qt}iZ=o C My, Qu(Y)=D,t=0,1,....

Assume that {x4}725 C U, {yt}i=qg C V, {152 C

Bx(zg,9c) NC # 0, By(yo,0p) "D # 0
and that for each integer t > O,

£t € Oxf(x,yt) + Bx(0,6¢.1),
nt € Oyf(xt,yt) + By (0,d72),

|41 — Pr(xe — &) || < d¢
and

|ye-1 — Qe (yr + cump)|| < dp.
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For each integer t > 0 set

b1 = of Li+0c(2M1+L1+3)+audy,1 (2M1+L142),

bto = af L3+6p(2Mo+Lo+3) 4l s o(2Mo+Lo+2).
Let for each natural number T,

T Lz
Tr= () )™ > oy,
i—=0 t=0

T T
gr=) o)™t Y ar.
i=0 t=0
Then for each natural number T,

Bx(Z7,6c) NC # 0, By (yr,0p) N D # 0,
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T

T
1S a)™ ST arf (o, ye) — faw, ye)
t=0

t=0

T T
< (Y ap) tmax{Y b1,

T
> b} +max{Lidc, L2dp}
t=0

T
+2 Y o) "t max{(2M7, 2M>o} + 1)2,
t=0
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T

T
fGr,ar) — (Y. a) 1Y auf (@, ur)|
=0

t=0

T
< (2 ap) H(max{2My,2Mp} + 1)?
=0

+ max{Lié¢c, L2dp}

T T T
+(3" ap) " tmax{} br.1, > bro}
t=0 =

t=0 t=0
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and for each z € C' and each v € D,
f(z,y7) > f(@1,yT)
T
—(3" ) H(max{2My,2M5} + 1)2
t=0
—max{Lié¢c, L2dp}

—2(2 ap) 1 max{z bt.1, Z b2}

t=0 t=0
f@p,v) < f(@7,97)
T
+( Z ozt)_l(max{QMl, 2M>} + 1)2
t=0

+ max{Liéc, L2ép}

T T T
+2(3 a) " max{ Y b1, Y bio}-
t=0

t=0 t=0
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Theorem 6 Let ri1,ro > 0,

Bx(z,2r1) Cc U for all z € C,

By (u,2rp) C 'V for all u € D,
A1,05 >0, 61,872,60,6p € (0,1],

oc <1, Op <12,
and {a:}72 5 C (0, 1],
{Pi}iZo C My, {Qt}iZo C My,

P(X)=C,t=0,1,..., Q(Y)=D, t=0,1,....

Assume that {x4}725 C U, {yt}i=q C V, {152 C

Bx(x0,0c) NC # 0, By(yo,dp) N D # )

a7



and that for each integer t > O,
BX(€t7 5f,1) M 8:12,A1f(33t7yt) 7'_& @7
BY(T}ta 5f,2) a ay,AQf(ajta yt) # Q)v

|41 — Pe(xe — aiée) || < d¢

and

|ye1 — Qe(yt + ame)|| < dp.
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For each integer t > 0 set

b = D1+ 2 1o (L1 + Agrit)
+5c(2My + L1 + 3+ Aqrph)

toudp1(2My + L1 + 2+ Agr b,

_ 1.2 1

bt2 = ot + 27 "aj (Lo + Aorsy 7)
+6p(2Mp + Lo + 3+ Aorsh)

b o(2Ma + Lo + 2 + Dors h).

Let for each natural number T,

T T
zr= (> a) Y oy,
i—0 t=0
T T
gr=) o)™t Y ayr.
i—=0 =0
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Then for each natural number T,

Bx(Z7,00)NC # 0, By (yr,6p) N D # 0,

T

T
" a) ™S arf(ae,ye) — (e, ye)
t=0

t=0

T T
< (Y ap) tmax{Y b1,
t=0 t=0

T
> b} +max{Lidc, L2dp}
=0

T
+(2 Y ap) " tmax{(2My, 2Mp} + 1)?,
t=0
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T

T
F @7, 07) — (Y a) ™ S arf (e, ur)

t=0 t=0

T
< (23 ap) H(max{2My,2M5} + 1)?
t=0

+ max{Lidc, L2dp}

T

T T
+(3" ) tmax{ > b1, Y b}
t=0 =

t=0 t=0
and for each z € C and each v € D,

f(z,97) > f(@7,y7)

T
—( Z Ozt)_l(maX{QMl, 2M>} + 1)2
t=0

—max{Lié¢c, L2dp}

T T T
—2(> ap) 1 max{» b1, Y b2},
t=0 t=0 t=0
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f(@r,v) < f(@r,yr)

T
+(Y o) H(max{2My,2Mo} + 1)?
t=0

+ max{L1d¢c, Lo2ép}

-I—Q(Z ap) max{z bt 1, Z bi o}

t=0 t=0

We are interested in the optimal choice of «ay,
= 0,1,...,7T. Let T be a natural number

and Ap = Ztho ap be given. In order to make
the best choice of a4, t =0,...,T, we need to

minimize the function Y/_,a? on the set

{a = (ag,...,ar) e RIT1: o, >0,

T
.,T, Z oy — AT}
1=0
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This function has a unique minimizer

oy — (T—I—l)_lAT,iZO,...,T.

Let 7" be a natural number and a4y = « for all
t=20,...,7. Now we will find the best a > O.

In order to meet this goal we need to choose
a which is a minimizer of the function

(T 4 Do) Y (max{2M7,2M5} + 1)?

T T
+2a 1T+ 1) Pmax{ Y b1, Y b0}
t=0 t=0

53



= (T + 1))~ H(max{2M7,2M>} + 1)?
+2a 1T+ 1) P max{(T + 1)(alr;
+5c(2M1 + 3+ L1 + A7 h))
+27ta2(Ly + Agr )
+ady (2My + 2+ L1 + Arrg Y,
(T +1)(alo+6p(2Ma + 3+ Lo + Ao h))

+27 a2 (Lot Aory ) +adf 2(2Ma+2+4 Lo+ Aors 1)}

= ((T + 1))~ (max{2M,2Mp} + 1)?
+2max{A; +a 15c(2M; + 3+ L1 + Aqrh)
+2 7 a(L1+A1rT D401 (M1 +24+ L1+ A1 ),

Ao+ a 1p(2My + 3+ Lo + Apry )

+2 7 a(Lo+Dors ) +6 7 2(2Ma+2+4 Lo+ D05 1))
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< ((T + 1))~ (max{2M7,2M>} + 1)°
+2max{Aq, Ay}
+2max{d;1(2M1 + 2 + L1 + Agr7 ),
512(2Mp + 2+ Lo + Aory 1)}
+20 Y max{6c(2M1 4+ 3+ L1 + Aqry L),
Sp(2Mp + 3 + Lo + Aors )}

+amax{L; + Aqr7t, Lo+ Aors i)
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Since T can be arbitrary large, we need to find
a minimizer of the function

o) = 2a "t max{6c(2M1 +3+ L1+ Aqryh),
5p(2Mo + 3+ Lo + Ao 1))

+amax{Ly + A1r7Y, Lo+ Aoryt), a > 0.

This function has a minimizer

ax = 22 max{6o(2M1 +3 4+ L1 + Aqryh),
5p(2Mp + 3 + Ly 4+ Aory D}/

X max{Ll -+ Al’rl_l, Lo+ AQTz_l}_l/Q
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and
d(ax) = 232 max{6c(2M1 + 3 + L1 + A1y d),
5p(2Mp 4 3 4 Lo + Agry1)}1/2

X max{Ll + Alrl_l, Lo + A2T2_1}1/2.

The appropriate choice of T, it should be at
the same order as max{d-, 6p}—1.
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