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Introduction

X - normed space, 21,2 C X, x € Q1N

Transversality: ‘good’ arrangements of collections of sets.

@ nonsmooth calculus
@ convergence analysis

@ optimality conditions
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Introduction

X - normed space, 21,2 C X, x € Q1N

Transversality: ‘good’ arrangements of collections of sets.

@ nonsmooth calculus

@ convergence analysis

@ optimality conditions
O loffe, A.D.: Variational Analysis of Regular Mappings. Theory and
Applications. Springer Monographs in Mathematics. Springer (2017)

“Regularity is a property of a single object while transversality relates
to the interaction of two or more independent objects.”
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Nonlinearity

@ Let C be a family of all continuous strictly increasing functions
¢ : Ry — Ry satisfying ©(0) = 0 and lim;—, 1o p(t) = +00.
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Nonlinearity

@ Let C be a family of all continuous strictly increasing functions
¢ : Ry — Ry satisfying ©(0) = 0 and lim;—, 1o p(t) = +00.
Example: o(t) = a 19, o(t) = a 1(t9 + Bt)

o Let Eé cC:

© 1(6)

for all  p €]0,4].

Example: ¢(t) := a~1t9, g €]0,1]
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Semitransversality

X - normed space, x € Q1 N, p€C

Definition

{Q1,Q5} is ¢—semitransversal at X if

(Q1 —x1) N (Q2 — x2) N By(X) # 0

Vp €]0,0[, x1,% € X with p(max;=1,2 [|xi||) < p

Nguyen Duy Cuong (Fed Uni, Ballarat)

24 February 2021

6/37



Semitransversality

X - normed space, x € Q1 N, p€C

Definition

{Q1,Q5} is ¢—semitransversal at X if

(Q1 —x1) N (Q2 — x2) N By(X) # 0

Vp €]0,0[, x1,% € X with p(max;=1,2 [|xi||) < p

o Kruger, A.Y.: Stationarity and regularity of set systems. Pac. J.
Optim. 1(1), 101-126 (2005)

Nguyen Duy Cuong (Fed Uni, Ballarat) 24 February 2021 6/37



Semitransversality

X - normed space, x € Q1 N, p€C

Definition

{Q1,Q5} is ¢—semitransversal at X if

(Q1 —x1) N (Q2 — x2) N By(X) # 0

Vp €]0,0[, x1,% € X with p(max;=1,2 [|xi||) < p

o Kruger, A.Y.: Stationarity and regularity of set systems. Pac. J.
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collections of sets. J. Math. Anal. Appl. 416(2), 471-496 (2014)

Nguyen Duy Cuong (Fed Uni, Ballarat) 24 February 2021 6/37



Subtransversality

X - normed space, x € Q21 N2, ¢ €C

Definition

{Q1,Q5} is ¢—subtransversal at x if

QlﬂQQOBp(X) 75@

Vp €]0,01], x € Bs,(X) with p(maxj=12 d(x,Q;)) < p.
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Definition

{Q1,Q5} is ¢—subtransversal at x if

QlﬂQQOBp(X) #(D

Vp €]0,01], x € Bs,(X) with p(maxj=12 d(x,Q;)) < p.

@ Dolecki, S.: Tangency and differentiation: some applications of

convergence theory. Ann. Mat. Pura Appl. (4) 130, 223-255
(1982)
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Subtransversality

X - normed space, x € Q21 N2, ¢ €C

Definition

{Q1,Q5} is ¢—subtransversal at x if

DU NN B, (x)#0

Vp €]0,41], x € Bs,(X) with p(maxj=12 d(x,Q;)) < p.

@ Dolecki, S.: Tangency and differentiation: some applications of
convergence theory. Ann. Mat. Pura Appl. (4) 130, 223-255
(1982)

@ Bauschke, H.H., Borwein, J.M.: On the convergence of von
Neumann’s alternating projection algorithm for two sets.
Set-Valued Anal. 1(2), 185-212 (1993)
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Transversality

X - normed space, x € Q21 N2, ¢ €C

Definition

{Q1,Q5} is p—transversal at x if

(1 — w1 —x1) N (22 — w2 — x2) N (pB) # O

Vp €]0,61[, wi € QN Bs,(X), xi € X (i =1,2) with p(maxj=1, [[x[|) < p.
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Transversality

X - normed space, x € Q21 N2, ¢ €C

Definition

{Q1,Q5} is p—transversal at x if

(1 — w1 —x1) N (22 — w2 — x2) N (pB) # O

Vp €]0,61[, wi € QN Bs,(X), xi € X (i =1,2) with p(maxj=1, [[x[|) < p.

Semitransverslity <= Transverslity = Subtransverslity

o Kruger, A.Y.: Stationarity and regularity of set systems. Pac. J.
Optim. 1(1), 101-126 (2005)

o Lewis, A.S., Luke, D.R., Malick, J.: Local linear convergence for
alternating and averaged nonconvex projections. Found.
Comput. Math. 9(4), 485-513 (2009
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Metric Characterizations

@ p—semitransversality:

d (% (u—x)N (2 —x) < (,”J?Xz \wl!)

)

Vx1,xp € X with ¢(maxj=12 [|x;||) < 6.

@ p—subtransversality:
d(x, 21 NQ) <y ('m?)é d(x, Q,-)>

Vx € Bs,(X) with ¢ (maxj=1 2 d(x,Q;)) < 1.

@ (p—transversality:
d(0,(h —w1 —=x1) N (2 —w2—x)) < ¢ (Im% HXfll)

Yw; € Q; N 852()_(), x; e X (i = 1,2) with go(max,-:Lg ||X,||) < 01.
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Convex Case

Q1,€2 - convex, § >0, p € CA(;
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Convex Case

Q1,€2 - convex, § >0, p € CA(;

o {Q1,Q} is p—semitransversal at X with § if and only if

d()_(, (Ql —X1) N (Qg —Xz)) <6

Vxi,xo € X with p(max;=12 [|xi]|) < 6.

o {Q1,Qs} is p—transversal at X with §; := ¢ and some d> > 0 if and
only if

d(O, (Ql — w1 —Xl) N (Qz — Wo —Xg)) < 51

Yw; € Q; N 852()_(), x; e X (i = 1,2) with go(max;:Lg ”X,H) < 01.

Nguyen Duy Cuong (Fed Uni, Ballarat) 24 February 2021 11/37



Convex Case

Semitransversality = Transversality

o If {Q1,0} is p—semitransversal at X with some § > 0, then it is
1p—transversal at X with any ¢ € Cs, 61 := 6 and any 92 > 0 such
that &, + ¢ 71(8) < 7 1(9).
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Convex Case

Semitransversality = Transversality

o If {Q1,0} is p—semitransversal at X with some § > 0, then it is
1p—transversal at X with any ¢ € Cs, 61 := 6 and any 92 > 0 such
that &, + ¢ 71(8) < 7 1(9).

o Let g €]0,1]. The collection {21,€} is semitransversal of order g at

X if and only if it is transversal of order g at X.

24 February 2021 12 /37
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X - metric space, f : X - RU{+o0}, x € dom f.

— timsup FOI =) Gy [FO) — Fe(w)]
|Vf‘(x) = J'_T(SEEXW, |Vf| (X) = iiﬁW

where a 1= max{0, a}.

o 1 |Vf|(x) provides the rate of steepest descent of f at x

De Giorgi, E., Marino, A., Tosques, M.: Evolution problerns in metric spaces and
steepest descent curves. Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8)
68(3), 180-187 (1980)
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X - metric space, f : X - RU{+o0}, x € dom f.
: [f(x) — f(u)l+ o [f(x) — fr(u)]+
Vfl(x):= limsup ——————, |Vf[®(x) :=sup ———7".
| ‘( ) u—x, U7EX d(Xv U) | | ( ) u;ég d(Xa U)
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X - metric space, f : X - RU{+o0}, x € dom f.

f(x)—f(u f(x)— fi(u
1) = s O ) )l
where a 1= max{0, a}.
o 1 |Vf|(x) provides the rate of steepest descent of f at x
e If f is Fréchet differentiable at x, then |Vf|(x) = ||f'(x)]]
o [VF|(x) < [VF*(x)
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O loffe, A.D.: Towards metric theory of metric regularity. In:
Approximation, optimization and mathematical economics (Pointe-a-Pitre,
1999), pp. 165-176. Physica, Heidelberg (2001)
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O loffe, A.D.: Towards metric theory of metric regularity. In:
Approximation, optimization and mathematical economics (Pointe-a-Pitre,
1999), pp. 165-176. Physica, Heidelberg (2001)

“But the most fundamental contribution of

Azé, D., Corvellec, J.N., Lucchetti, R.E.: Variational pairs and applications
to stability in nonsmooth analysis. Nonlinear Anal. 49(5, Ser. A: Theory
Methods), 643-670 (2002)

seems to be the very fact that the slope of De Giorgi-Mario-Tosques for

the first time has appeared in the context of metric regularity theory.”
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Semitransversality

Q1 Q2. - convex, 7 = (¢, (0)) 1 + 1)

Theorem
If {Q1,Q2} is o—semitransversal at x with some 6 > 0, then

o (maxlial) = ¢  max

NSty I :< 3]
X uy, u X, X

u,-gb_( (i=1,2), u—x 19 e & &
(u1,u2,u)#(X,X,X)

VX]_,
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X uy, u X, X

u,-gb_( (i=1,2), u—x 19 e & &
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VX]_,

I}

o f(uy,u,u) = gp(l_rgslaé |ui — x; — uH) + i, 0, (U1, U2)

o [|(a, 0,y = max {|
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Semitransversality

Q1 2, - convex, 7 = (¢, (0)) 1 + 1)1

Theorem
If {Q1,Q2} is o—semitransversal at x with some 6 > 0, then

¢ (maxlial) = ¢  max s = - o
>1

NSty I :< 3]
X uy, u X, X

u,-gb_( (i=1,2), u—x 19 e & U
(u1,u2,u)#(X,X,X)

Vx1,x2 € X satisfying 0 < max;—12 ||xi|| < ¢71(6).

ma x| — max i — x — ul
’(max |x,||> lim sup =l 12 >1
v [(u1, 2, 0) — (%, %, %)|l,

u,-gf( (i=1,2), u
(u1,u2,u)#(X,%,X)
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Subtransversality

Q1 2, - convex, 7 = (¢, (0)) 1 + 1)1

Theorem
If {Q1,Q5} is o—subtransversal at X with some 61 > 0 and d, > 0, then

¢ (ol = x1) = ¢  max s - ul
>1

lim sup
uiﬂwi (i=1,2), u—x H(UI’ b2, U) - (wl’ w2, X)H'Y

(u17u27u)7$(w1,w2,x)

Vx € X, wi € Q; (i = 1,2) satisfying

I = I < 62, 0 < max flw; — x| < ™" (d1).
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Transversality

Q1 2, - convex, 7 = (¢, (0)) 1 + 1)1

Theorem
If {1,952} is o—transversal at X with some 61 > 0 and §, > 0, then

w(p%wwmx>@(p%wuww)>l

lim sup

u,-ﬂw,- (i=1,2), u—x
(U19U27U)¢(W17W27)_<)

| (1, uz, u) — (w1, w2, X)||y

Ywi € Q;, x; € X (i = 1,2) satisfying

max ||w; — X|| < 62, 0 < max ||w;i — x; — X|| < ¢ *(61).
i=1,2 i=1,2
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Convex Subdifferentials

X - normed space, f: X = RU {+o0} - convex, x € dom f.

OF(R) = {x* € X* | f(x) — F(X) — (x*,x —X) >0 forall xe X}
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Convex Subdifferentials

X - normed space, f: X = RU {+o0} - convex, x € dom f.

OF(R) = {x* € X* | f(x) — F(X) — (x*,x —X) >0 forall xe X}

e I(f + K)(x) = 0f(x) + 0f(X)
o 9 (porp)(%) = ¢'(¥(%))F (%)
o Let

T/J(Ula uz, U) = ,rn?é HU,’ —ai — UH, up, g, u € X.

Let x3,x2,x€ X and _melné |xi — aj — x|| > 0.Then
=1,
2
vl xx) = { (6, x7) € (X | x* + x5 =0,
i=1

2
SO =10 (o — 3 = x) = max [lx — a — x| }.

)
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Convex Normal Cones

X - normed space, €2 - convex, x € Q.

No(x) ={x" e X*| (x",x—x) <0 forall xecQ}
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Convex Normal Cones

X - normed space, €2 - convex, x € Q.

No(x) ={x" e X*| (x",x—x) <0 forall xecQ}

0 Of(X) = {x* € X* | (x*,—1) € Nepi (%, f(X))}
o No(x) = dig(X)

o No,xq,(wi,w2) = No, (w1) x No,(w2)
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Semitransversality

01, Q2,0 - convex, 7 := ((¢.(0)) 1 + 1)1

Proposition

If {Q1,Q2} is o—semitransversal at x with some 6 > 0, then

d,(0,0f(x,%,%)) > 1

Vx; € X (i = 1,2) satisfying 0 < max;—12 ||xi|| < ¢~1(9).

Nguyen Duy Cuong (Fed Uni, Ballarat) 24 February 2021 21/37



Semitransversality

01, Q2,0 - convex, 7 := ((¢.(0)) 1 + 1)1

Proposition

If {Q1,Q2} is o—semitransversal at x with some 6 > 0, then

d,(0,0f(x,%,%)) > 1

Vx; € X (i = 1,2) satisfying 0 < max;—12 ||xi|| < ¢~1(9).

o [10x, 8, x) Iy = lIx*[1 + 2 (X[l + 13 )

o f(uy,up,u) = go(lrg?é |ui — x; — uH) + i, x0, (U1, u2)
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Semitransversality

Proof
T | I (G e W A UL L)
(U17U2»U)750 ||(U17 uz, U)H'y
> limsup — (x5, x7), (“1>U2_, _) - (x,x,X))
u—x (i=1,2), u—=x |(u, uo, u) — (%, X, %)||+
(u1,u2,u)#(X,X,X)
> limsup XXX = flu, s, 0)

ui—x (i=1,2), u—x H(U17 uz, U) - ()_(7 )?7)_()”’\/
(un,u2,u)#(%,%,X)

= lim sup

Q.
=% (i=1,2), u—x
(U]_,U27u)75()_(,)_(,)_()
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Semitransversality

Proof
16¢ g )y = sup G2 X (s 2, 0))
T (s | (ur, vz, u)|ly
> limsup O3, x7), (g, ) — (X%, X))
% (i=1,2), u—x |(u1, uo, u) — (%, X, %) ||+
(u1,u2,u)#(%,%,%)
> limsup XXX = flu, s, 0)

ui—x (i=1,2), u—x H(U17 uz, U) - ()_(7 )?7)_()”’\/
(un,u2,u)#(%,%,X)

= lim sup

Q.
=% (i=1,2), u—x
(U]_,U27u)75()_(,)_(,)_()

Nguyen Duy Cuong (Fed Uni, Ballarat) 24 February 2021 23 /37



Semitransversality

Proof
106 og XYy = sup AT X (o, bz, )
(u1,up,u)#0 ||(U1,U2,U)||,y
> limsup — (x5, x7), (“1>U2_, _) - (x,x,X))
ui—% (i=1,2), u—=x |(u, uo, u) — (%, X, %)||+
(u1,u2,u)#(X,X,X)
> limsup XXX = o, 0)

ui—x (i=1,2), u—x H(u17 bz, U) - ()_(7)_(7)_()”7

(u1,2,U) A(R,%.,%)
@ <mi§ ||Xi||> 7 <i—i)§ o =i = UH) >1. O

= lim sup

Q.
=% (i=1,2), u—x
(U]_,U27u)75()_(,)_(,)_()
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Semitransversality

Proof
16¢ g )y = sup G2 X (s 2, 0))
T (s | (ur, vz, u)|ly
> limsup O3, x7), (g, ) — (X, %, X))
oy (i=12), u—R |(u, uo, u) — (%, X, %)||+
(u1,u2,u)#(X,X,X)
> limsup XXX = flu, s, 0)

ui—x (i=1,2), u—x H(U17 uz, U) - ()_(7 )?7)_()”’\/
(un,u2,u)#(%,%,X)

= limsup

Q.
ui—x (i=1,2), u—x
(u17u2au)7é()_<7)_<7)_<)
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Semitransversality

Proof
16¢ g )y = sup G2 X (s 2, 0))
T (s | (ur, vz, u)|ly
> limsup O3, x7), (g, ) — (X, %, X))
oy (i=12), u—R |(u, uo, u) — (%, X, %)||+
(u1,u2,u)#(X,X,X)
> limsup XXX = flu, s, 0)

ui—x (i=1,2), u—x H(U17 uz, U) - ()_(7 )?7)_()”’\/
(un,u2,u)#(%,%,X)

= lim sup

Q.
=% (i=1,2), u—x
(U]_,U27u)75()_(,)_(,)_()

Nguyen Duy Cuong (Fed Uni, Ballarat) 24 February 2021



Semitransversality

91392780 - convex, M= (90{"_(0))—1 + 1

Theorem
If {Q1,Q2} is ¢—semitransversal at X with some ¢ > 0,

¢ (maxlil) (1 + 531+ e Ny () + 0 M () > 1

Vx; € X, x € X* (i = 1,2) satisfying
0 < max ||xi[| < ~*(3),

I+ 5 = 1, 6, 0) + (x5, 5) = ma il
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Semitransversality

91392780 - convex, M= (90{"_(0))—1 + 1

Theorem
If {Q1,Q2} is ¢—semitransversal at X with some ¢ > 0,

¢ (maxlil) (1 + 531+ e Ny () + 0 M () > 1

Vx; € X, x € X* (i = 1,2) satisfying
0 < max ||xi[| < ~*(3),

I+ 5 = 1, 6, 0) + (x5, 5) = ma il

o F(u,uz,u) = o max u = x; = ull) + i x, (11, t2)

—4
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Convex Subdifferentials

X - normed space, f: X = RU {+o0} - convex, x € dom f.

OF(R) = {x* € X* | f(x) — F(X) — (x*,x —X) >0 forall xe X}

e I(f + K)(x) = 0f(x) + 0f(X)
o 9 (porp)(%) = ¢/ (¥(%))F (%)
o Let

T/J(Ula uz, U) = ,rn?é HU,’ —ai — UH, up, g, u € X.

Let x3,x2,x€ X and _melné |xi —a; — x|| > 0. Then
=1,
2
vl xx) = { (6, x7) € (X | x* + x5 =0,
i=1

2
SO =10 (o — 3 = x) = max [lx — a — x]| }.

)
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Subtransversality

Q1. s, - convex, j1 = (¢,(0)) 1 +1

If{,...,Q,} is p—subtransversal at X with some §; > 0 and 6, > 0
then,

o (2% Jeos — xu) (It + 56 | + (N, (1)) + 1 (05, N (w2))) > 1
Vx € X, wj € Q;, x* € X* (i = 1,2) satisfying
e =5l < 62, 0 < max [lwr — x]| < 7 (51),
=1,

1l + el = 1,

O x = wi) + (g, x — wa) = max{[|x —wil], [x — w2}

v
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Transversality

Q1,0, ¢ - convex, p:= (¢, (0))71 +1

Theorem
If{Q1,...,Q,} is o—transversal at X with some 6; > 0 and d, > 0, then

¢ (maxllor == 21) (e + 531+ o My o)

)

T ud (5, Ny (w2))) > 1
Yw;i € Qi, x; € X, x € X* (i = 1,2) satisfying

ax ||wi — X|| < 82, 0 < max|lwj —x; — X|| < o 1(61),
=1,2 i=1,2

1
x|l + Il =1,
2
D %+ xi — wi) = max|[|% + x; — will-
1=1,
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Regularity

X, Y —metric spaces, F: X = Y, (x,¥) € gph F
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Regularity

X, Y —metric spaces, F: X = Y, (x,¥) € gph F

@ (p—semiregularity:

d(x, FHy)) < e(d(y,7)) Vye Y with o(d(y,y)) <.
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Regularity

X, Y —metric spaces, F: X = Y, (x,¥) € gph F
@ (p—semiregularity:
d(%, F1(y)) < ¢(d(y.7)) Yy €Y with p(d(y,7)) < 0.
@ p—subregularity:
d(x, F71(7)) < ¢(d(7, F(x)))
Vx € By, (X) with o(d(7, F(x))) < .
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Regularity

X, Y —metric spaces, F: X = Y, (x,¥) € gph F

@ (p—semiregularity:

d(%, F1(y)) < ¢(d(y.7)) Yy €Y with p(d(y,7)) < 0.
@ p—subregularity:

d(x, F71(7)) < ¢(d(7, F(x)))
Vx € Bs,(x) with o(d(y, F(x))) < 01.
@ p—regularity:

d(x, F71()) < ¢(d(y. F(x)))

Vx € X,y € Y with d(x,x) + d(y,y) < 02, p(d(y, F(x))) < d1.
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Transversality & Regularity

X - normed space, x € 21 N Q.
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Transversality & Regularity

X - normed space, X € 21 N €2,. Define

F(x):= (21 —x) x (22 —x), xe€X.
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Transversality & Regularity

X - normed space, X € 21 N €2,. Define
F(x):= (21 —x) x (22 —x), xe€X.

Note that (X, (0,0)) € gph F.
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Transversality & Regularity

X - normed space, X € 21 N €2,. Define
F(x):= (21 —x) x (22 —x), xe€X.

Note that (X, (0,0)) € gph F.

o {Q1,Q} is p—semitransversal at X if and only if F is ¢—semiregular

at (x,(0,0)).

o {Q1,Q} is p—subtransversal at x if and only if F is p—subregular at
(x,(0,0)).

o {Q1,Q} is p—transversal at X if and only if F is ¢o—regular at
(x,(0,0)).
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Transversality & Regularity

X,Y - normed spaces, F: X = Y, (x,¥) € gph F.
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Transversality & Regularity

X, Y - normed spaces, F: X = Y, (x,¥) € gph F. Define

Qp:=gphF, Q:=Xx{y}.
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Transversality & Regularity

X, Y - normed spaces, F: X = Y, (x,¥) € gph F. Define
Qp:=gphF, Q:=Xx{y}.

Note that (x,7) € Q1 N = F1(y) x {y}.
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Transversality & Regularity

X, Y - normed spaces, F: X = Y, (x,¥) € gph F. Define
Qp:=gphF, Q:=Xx{y}.

Note that (X,7) € Q1N = F1(y) x {y}.
Let ¢(t) := ¢(2t) + t.
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Transversality & Regularity

X, Y - normed spaces, F: X = Y, (x,¥) € gph F. Define
Qp:=gphF, Q:=Xx{y}.

Note that (X,7) € Q1N = F1(y) x {y}.
Let ¢(t) := ¢(2t) + t.
e If Fis p—semiregular at (X, y), then {Q1,Q5} is ©)—semitransversal
at (x,y).
o If Fis p—subregular at (X, y), then {Q1,Q2} is ©)—subtransversal at
(%,7).
o If Fis p—regular at (X, y), then {Q1,Q2} is {p—transversal at (X, y).
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Transversality & Regularity

X, Y - normed spaces, F: X = Y, (x,¥) € gph F. Define
Qy:=gphF, Q:=Xx{y}.

Note that (X, 7) € Q1N = F1(y) x {y}.
Let ¢(t) := ¢(t/2).
o If {Q1,Q} is p—semitransversal at (X, y), then F is 1)—semiregular
at (x,y).
o If {Q1,Q} is p—subtransversal at (x,¥), then F is 1) —subregular at
(%,7).
o If {Q1,Q} is p—transversal at (X, y), then F is ¢—regular at (X, ).
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