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X — metric space, f: X - RU{+~}, x€ X, >0

Definition

f admits a T-error bound at X if 36 € (0,00], u € (0,9] s.t.
7d(x,[f <0]) < f(x) forall x € Bs(x)N[0 < f < u]

and either X € [f < 0] or § = +oo

[f <O0]:={x|f(x)<0}, [0<f<pu]l:={x]0<f(x)<pu}
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f admits a T-error bound at X if 36 € (0,00], u € (0,9] s.t.

7d(x,[f <0]) < f(x) forall x € Bs(x)N[0 < f < u]

and either X € [f < 0] or § = +oo

[f <O0]:={x|f(x)<0}, [0<f<pu]l:={x]0<f(x)<pu}

@ Subregularity/calmness of set-valued mappings
@ Subtransversality of collections of sets

@ Metric regularity/Aubin property of set-valued mappings
@ Transversality of collections of sets

Alexander Kruger Error Bounds Revisited VA & Opt 5/29



X — metric space, f: X - RU{+~}, x€ X, >0

Definition

f admits a T-error bound at X if 36 € (0,00], u € (0,09] s.t.

Td(x,[f <0]) < f(x) forall x € Bs(x)N[0 < f < u]

and either X € [f < 0] or § = +oo

Y Y
0 X 0 X
f(x)=x f(x)=x3
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Error Bounds: Sufficient Conditions

@ Primal (slope) conditions
@ Dual (subdifferential) conditions
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Error Bounds: Sufficient Conditions

X is a complete metric space, f is lower semicontinuous
@ Primal (slope) conditions

@ Nonlocal conditions
© Local conditions

@ Dual (subdifferential) conditions

@ X is a Banach space: Clarke subdifferentials
@ X is a Asplund space: Fréchet subdifferentials

(1b) = (1la) <= (EB): trivial

(la) = (EB): Ekeland variational principle
(2a) = (1b): Clarke subdifferential sum rule
(2b) = (1b): Fréchet subdifferential sum rule
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e Linear Error Bounds
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X — metric space, f: X - RU{+~}, x€ X, >0

Definition

f admits a T-error bound at X if 36 € (0,00], u € (0,09] s.t.

Td(x,[f <0]) < f(x) forall x € Bs(x)N[0 < f < u]

and either X € [f < 0] or § = +oo
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X — metric space, f: X - RU{+}, x € domf
Slope (De Giorgi, Marino and Tosques, 1980):

e PO )L
|VFl(x) = u|—>x.,u£x (i)
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X — metric space, f: X - RU{+}, x € domf
Slope (De Giorgi, Marino and Tosques, 1980):

R ()
V()= limsup == %)

Nonlocal slope (Ngai and Théra, 2008):
Fx)—f
V) e sup L) Fols
u#x d(U,X)
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X — metric space, f: X - RU{+}, x € domf

Slope (De Giorgi, Marino and Tosques, 1980):
f(x)—f
VF|(x) == limsup )=l
U—X, UF#X d(u>X)
Nonlocal slope (Ngai and Théra, 2008):
f(x)—f
V400 o sup = Fe (0l
u#x d(U,X)

X — normed space
Subdifferential slope (Simons, 1991):  |df|(x) := d(0,df(x))
10F f|, |0 F|
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Slopes

— imsup FOV @ 0o (o )~ Fi(u)]
V) e gt VT

|df|(x) :=d(0,df(x))

Lemma

Let X be a metric space, f : X — RU{+}, and x € dom f
Q Iff(x) >0, then |Vf|(x) < |VF|°(x)
Q@ If X is Banach and f is Isc, then |Vf|(x) > |0 f|(x)
© If X is Asplund space f is Isc, then (Ioffe, 2000)
IVF|(x) > liminf )|8Ff|(u)

u—x, f(u)—f(x
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VF|(x) = mi{%%
Ofy) — f(x)=f.(u
VAP(%) = sup d(u;) +
|9F|(x) := d(0,9f(x))
Collections of slope operators:
O |Df|°:={|Vf]}
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|VFf|(x) := limsup ) = Fu)l+
U—rX, UF#X d(U,X)
[F(x) — £ (u)]+

VI°(x) :=
VIO =2 ™ aux)
|df|(x) :=d(0,0df(x))
Collections of slope operators:

Q |Of|° = {|Vf|}

@ if X is Banach, then |Df|°:= |Df|°U{|d°f|}
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|VFf|(x) := limsup [l = Flu)l+
U—rX, UF#X d(U,X)
IVF|°(x) := sup [f(x) — f(u)]+
utx d(u,x)
|df|(x) :=d(0,0df(x))
Collections of slope operators:
@ [Of| == {|Vf]}
@ if X is Banach, then |Df|°:= |Df|°U{|d°f|}
@ if X is Asplund, then |Df|°:= |Df|°U{|dF f|}
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|VFf|(x) := limsup [l = Flu)l+
U—rX, UF#X d(U,X)
IVF|°(x) := sup [f(x) — f(u)]+
utx d(u,x)
|df|(x) :=d(0,0df(x))
Collections of slope operators:
@ [Of| == {|Vf]}
@ if X is Banach, then |Df|°:= |Df|°U{|d°f|}
@ if X is Asplund, then |Df|°:= |Df|°U{|dF f|}

[Of| = [DFIPU{|VFI},  [DFT == DFI\{|9"f]}
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Linear Error Bounds: ‘Fixed x' Statement

X — complete metric space, f : X — RU{+e} Isc, x € [f > 0], T>0
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Proposition
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Linear Error Bounds: ‘Fixed x' Statement

X — complete metric space, f : X — RU{+e} Isc, x € [f > 0], T>0

Proposition

Let a €]0,1]. The inequality td(x,[f < 0]) < f(x) holds, provided
that one of the following conditions is satisfied:
@ |Vf| c |Df|" and a|VF|(u) > T for all u € X satisfying
f(u) < f(x) and

d(u,x) < ad(x,[f <0]), (1)
of(uv) < td(u,[f <0]), f(u)<zd(x,[f<0]) (2)

@ X is Asplund and 3u > f(x) s.t. a|dFf|(u) >t forallue X
satisfying f(u) < 1 and conditions (1) and (2)
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Linear Error Bounds: General Statement

X — complete metric space, f : X — RU{+o0} Isc, x € X, 7> 0,
0 €]0,+4o0], u €]0, +o0]
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Linear Error Bounds: General Statement

X — complete metric space, f : X — RU{+o0} Isc, x € X, 7> 0,
0 €]0,+4o0], u €]0, +o0]

Let o €]0,1], |Vf| € |Df|, and either % € [f < 0] or 8 = +oo.
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Linear Error Bounds: General Statement

X — complete metric space, f : X — RU{+o0} Isc, x € X, 7> 0,
0 €]0,+4o0], u €]0, +o0]

Let o €]0,1], |V , and either X € [f < 0] or § = +-oo.
f admits a T—error bound at X with 6' .= and [, provided that

o 1+oc
a|VF|(u) > 7 for all u € Bs(X)N[0 < f < ] satisfying

max{a,l —oa}f(u) < 7d(u,[f <0])
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e Nonlinear Error Bounds
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Nonlinear Error Bounds

Yy q:% Yy
0 X 0 X
f(x)=x f(x)=x3
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Linear Error Bounds

X — metric space, f: X - RU{+~}, x€ X, >0

Definition

f admits a 7-error bound at X if 36 € (0,00], u € (0,00] s.t.

td(x,[f <0]) < f(x) forall x € Bs(x)N[0 < f < u]

and either X € [f < 0] or § = +oo
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Nonlinear Error Bounds

X — metric space, f: X - RU{+}, x€ X, o € ¢*

Definition

f admits a @-error bound at X if 36 € (0,0, p € (0,09] s.t.

d(x,[f <0]) < o(f(x)) forall x € Bg(x)N[0 < f < u]

and either X € [f < 0] or § = +oo
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Nonlinear Error Bounds
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Nonlinear Error Bounds

X — metric space, f: X - RU{+}, x€ X, o € ¢*

Definition
f admits a @-error bound at X if 36 € (0,0, p € (0,09] s.t.

d(x,[f <0]) < o(f(x)) forall x € Bg(x)N[0 < f < u]

and either X € [f < 0] or § = +oo

¢ = {QDZR+—)R+ | (p(O):O, QDI(t)>OfOI’ all t>0
|im1_-_>+co (P(t) :+°°}

o(t) =7t
@of ‘change-of-function’ approach (Azé and Corvellec, 2017)
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Nonlinear Error Bounds: Conventional Conditions

X — complete metric space, f: X — RU{+o} Isc, X € X, ¢ € €7,
0 €]0,+4o0], u €]0, +o0]

Theorem

Let o €]0,1], , and either X € [f < 0] or § = H-oo.
f admits a ¢—error bound at X with §' .= 1+a and U, provided that

o' (f(u))|VF|(u) > 1 for all u € Bs(x)N[0 < f < ] satisfying

max{a,1— ale(f(u)) < d(u,[f < 0])

If @' is nonincreasing, then |Df|° can be replaced with |Df|

|
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Nonlinear Error Bounds: Conventional Conditions

X — complete metric space, f: X — RU{+o} Isc, X € X, ¢ € €7,
0 €]0,+4o0], u €]0, +o0]

Theorem

Let o €]0,1], , and either X € [f < 0] or § = H-oo.
f admits a ¢—error bound at X with §' .= 1+a and U, provided that

o' (f(u))|VF|(u) > 1 for all u € Bs(x)N[0 < f < ] satisfying

max{a,1— ale(f(u)) < d(u,[f < 0])

If @' is nonincreasing, then |Df|° can be replaced with |Df|

|

Kurdyka—t.ojasiewicz property
a@'(f(u))  avariable coefficient
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Nonlinear Error Bounds: Alternative Conditions

X — complete metric space, f: X — RU{+o} Isc, X € X, ¢ € €7,
@' nonincreasing, 8 €]0,+-c], u €]0, 4]
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Nonlinear Error Bounds: Alternative Conditions

X — complete metric space, f: X — RU{+o} Isc, X € X, ¢ € €7,
@' nonincreasing, 8 €]0,+-c], u €]0, 4]

Theorem

Let o €]0,1], , and either X € [f < 0] or § = H-oo.
f admits a o—error bound at X with §' .= 1+a and [, provided that

|

o' (¢~ ((max{a, 1 - a})d(u,[f < 0])))|VF|(u) > 1

for all u € Bs(x) N[0 < f < u] satisfying

max{a,1— ale(f(u)) < d(u,[f < 0])
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Nonlinear Error Bounds: Alternative Conditions

X — complete metric space, f: X — RU{+o} Isc, X € X, ¢ € €7,
@' nonincreasing, 8 €]0,+-c], u €]0, 4]

Theorem

Let o €]0,1], , and either X € [f < 0] or § = H-oo.
f admits a o—error bound at X with §' .= 1+a and [, provided that

|

o' (¢~ ((max{a, 1 - a})d(u,[f < 0])))|VF|(u) > 1

for all u € Bs(x) N[0 < f < u] satisfying

max{a,1— ale(f(u)) < d(u,[f < 0])

Proof: ¢'(¢~((max{a,1—a}) td(u,[f <0]))) < ¢'(f(u))
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Conclusions

@ Local and global error bounds
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Conclusions

@ Local and global error bounds

@ Collections of slope operators and ‘universal’ statements

@ Linear error bounds: ‘fixed x' statement
I

Linear error bounds: general statement

Nonlinear error bounds: conventional conditions

4

@ Nonlinear error bounds: alternative conditions
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Related Topics

Necessary conditions

Convex case

°

°

@ Special families of functions

@ Error bounds under uncertainty
°

Non lower semicontinuous case
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