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DRM - Douglas-Rachford Method

Best approximation problem: Given x € R", find Ps(x), whereS:=U NV,
and U, V are affine subspaces with nonempty intersection.

X

Douglas-Rachford operator: T := %(1 + RyRy).

Z

Roger Behling Remark: T (x) is also the Cimmino iteration calculated at y U FGV



DRM - Douglas-Rachford Method

DRM can be seen as ADMM via duality
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MAP - Method of Alternating Projections
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CRM - Circumcentered-reflection method

Problem: find X := Ps(x) withS :=U NV

Cr(x) == circumcenter(x,y, z).
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Geometric interpretation of T(x) and C;(x)

Definition of Cr(x):
(i) Cr(x) belongs to the affine subspace determined by the points x,y := Ry (x), z := RyRy(x);
(ii) Cr(x) is equidistant to the points x,y := Ry (x), z := RyRy(x).

Roger Behling A N4 FGV



Convergence analysis for CRM

Lemma: Let x € R™. Then, the projection Py, (x) onto the affine subspace defined by
the points x,y := Ry (x),z = RyRy(x) is given by Cr(x).

Consequence: ||Cy(x) — Pyay (|| < |IT(x) — Pyay (x)]| for all x € R™.

Theorem: Let x € R™. Then, the sequence {Cq’f(PU(x))} converges linearly to Py (x)
and the rate is at least ¢y € [0,1), the cosine of the Friedrichs angle between U and V.

Remarks: Remind that
cp i =sup{uTvjue (UnV)nTLve(UnV)nVi lull =1,|vl =1},
where U,V are subspaces and translations of U, V, respectively.

(i) cg is the sharp rate of the original de Douglas-Rachford method;

(ii) question: does CDRM converge with linear rate strictly better than cg?
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Numerical experiments
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Non-affine examples

—«— C-DRM (k = 37)
— =« DRM (k = 971)

— C.DRM (k= 5)
—=— DRM (k= 38)
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The many set case (still affine)

Best approximation problem: Given x € R", find P;(x), where S := U; N U, N --- U,,, with
U;’s being affine subspaces and S is nonempty.

“Game rules”: we can use projections and/or reflections onto the U;’s.
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The pure DRM may fail form > 2
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Our ideia: Auxiliar Operator

Define A: R™ —» R™ based on

1
A= (1d + Py,)

1
Az =3 (1d + Py, Ry, )

1
A3 = E(Id + PUgRUzRUl)

1
A, = > (1d + PUmRUm_lRUZRul)

Results: A is firmly nonexpansive, Fix, = S and for any x € R"®, {4%(x)}
converges linearly to Ps(x).

Roger Behling
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CRM for m affine subspaces

Definition of C(x):

(i) C(x) belongs to the affine subspace W, defined by the m + 1 vectors
x, Ry, (x), Ry, Ry, (x), Ry, Ry, Ry, (x), ..., Ry_ ... Ry, (X);

(i) C(x) is equidistant to

x, Ry, (x), Ry, Ry, (x), Ry, Ry, Ry, (x), ..., Ry ... Ry, (x).

Lemma: Let x € R™. Then, the projection Ps(x) onto the affine subspace W, is given
by C(x).

Consequence: ||C(x) — Ps(x)|| < |[A(x) — Ps(x)]| for all x € R™,

Theorem: Let x € R™ and S := U; N U, N -+ U,,,, with all U;’s being affine subspaces
and S non-empty. Then, the sequence {C*(x)} converges linearly to Ps(x).
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Computation of a circumcenter

Consider the notation x® = Ry, .. Ry,Ry,(x), fori =1, ...,m. We want two things:

First (Equidistance):
1, (i .
Pspan{x(i)_x}(C(x) —x) = > (x(‘) — x) foreachi =1, .., m;

Second (Being in affine(x, x(V,x(?), ..., x(M)))

C(x)—x = zm 1ai(x(j) — x)
j=

This yields the solvable m X m linear system in « € R™ whose i — th row reads as

m ) . 1 ) 2
> e = xx0 - x) = 5 O =
j=1 2

C (x) outcomes univocally from this linear system. Uniqueness in a, however, depends
on linear independence of the vectors x® — x, which is not always the case.
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Block-wise CRM for m affine subspaces

Example:Lletm =7, i.e., S = ﬂz U;. Take, for instance, the following blocks of
affine subspaces B, := {U,U,}, B, == {U;3,U,, Us, U}, Bs == {U-}.

Block-wise CRM:
For a given x*, we define x**1 = Cp,,_cpp(x*) = Cg, (CBZ (C31 (xk)))

Theorem: Let x € R™. Then, the sequence {ng_CRM(x)} converges linearly to
Ps(x).

Remarks:

- MAP (method of alternating projections) is a Bw-CRM where all blocks contain
exactly one affine subspace.

- Bw-CRM with one full block (original CRM) solves hyperplane intersection
problems in one single step.
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Experiments on the Block-wise CRM

Bw-CRM applied to CT — Matrix size: 5732 x 2500 — Budget of 10 iterations.

(d) Bw-CRM-64 (¢) Bw-CRM-256
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General convex inclusions

m
Find x* € X := ﬂXi
4

l

Where X; is closed and convex for alli = 1, ..., m. We assume also that X is nonempty
and that the orthogonal projetions onto each X; are computable.

Pierra’s product space reformulation:

Let W = X; XX, X+ X X,, and D := {(x, x, ..., x) € R"|x € R™}. Then, finding
x* € X is equivalent to solving the following problem

Findz"eWnD
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CRM for product space reformulation

Consider
Findz* e KnU,

with K closed and convex and U an affine subspace. Assume also that their intersection
is nonempty.

Theorem: Let z° € U be given and consider the sequence {z*} generated by
z**1 = circumcenter{z*, R (z%), Ry R (2")}.

Then, {z*} converges to a point in K N U. Moreover, each z¥*1 is closer to K N U than
the MAP and DR points calculated at z*.
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Geometry of CRM

Roger Behling \' FGV



Pereentage of problens solved

Numerical experiments
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Fig. 2: Experiments with affine subspaces and the second order cone.

mean min median max
CREM 4727 3 5.0 L]
DRM 11.602 4 Hi 83
MAP  H3198] 4 20 1063
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Fig. 3: Polyhedral feasibility using the product space reformulation.

mean min median max
CRM 41.5 19.0 3H.0 290
DRM 1440115 10360 14705 15860
MAP 27683 253400 2ZTRT.O 29520
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New work and ideas in progress

- The circumcentered-reflection method achieves better rates than alternating
projections. R. Arefidamghani, R. Behling, Y. Bello-Cruz, A. lusem, LR Santos
(accepted in COAP 2021)

- Circumcentering outer-approximate reflections G. Araujo, R. Arefidamghani, R.
Behling, Y. Bello-Cruz, A. lusem, LR Santos (to be submitted soon)

Future research

- Investigation on the suitability of generalized circumcenters for basis pursuit,

sparse dffine feasibility problems, superlinear convergence of CRM and [content
hidden].
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