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Definitions

Let X be a Hilbert spaces and let f : X — R U {+0c0} be a proper Isc convex function.
The subdifferential of f at x: Jf(x) = {all subgradients of f at x}, where a vector u is called

a subgradient of f at x if

Vye X, f(y)>f(x)+ (uy—x).

0, if x € Q,
The indicator function of a set Q C X'is 1q(x) := { "X

400, otherwise.
The subdifferential of tq is the normal cone operator of Q

8(10)(x) = Na(x) = {u € X, (u,z—x) <0,¥ze Q}



Fermat’s Stationary

Let f,g : X = RU {+o0} be proper Isc convex functions. The Fermat's stationary condition:

X solves Lnel)rg f(x) <= 0=VIf(x) (fis differentiable)
X solves )r(nel)rg f(x) <= 0€0f(x) (fisnot differentiable)
X solves minf(x)+g(x) <= 0 9f(x)+ 0g(x)
X solves )r?em f(x) <= X solves minf(x)+1q(x) <= 0¢€ If(x)+ Na(x)
XxeNQy <= X solves )r(nel)rg Lo, (x) +ta,(x) <= 0¢€ Ng,(X)+ No,(X)

So we may consider the inclusion problem: find an x such that

0 € Ax+ Bx where A, B : X = X are set-valued operators.



The Douglas—Rachford Algorithm (DR)



Resolvent and Relaxed Resolvent

Let A: X = X be an operator.
The resolvent of A is defined by Ja = (Id+A)"1
The reflected resolvent of A is defined by Ra = Jf\ =2Ja—1Id
Let A > 0, the A-relaxed resolvent of A is defined by J) := (1 — \)Id +\Ja

yedax = y=(Id+A)"x < xcy+Ay

V4
The resolvent of the normal cone operator is the projection:

Ina(¥) = Palx) = {y € 2, |Ix ~ y|| = min||x - zI|}



The Douglas—Rachford (DR) Algorithm

1
Xkr1 = Txx where T = E(Id +RgRa).

Illustration:
1
y=Jdaxk, z=Rax, w=Jgz, t=Rpz, Xxxi1= §(Xk + t).
) \%{
xk+1/o/ , \‘~“\\ >
// o ‘;/Q-
te-—""7"77 w S
6)?0

» If xk+1 = Xk, then y =w and 0 € Ay 4 Bw. i.e., y is a solution.



Sum of Finitely Many Operators

Consider the problem of finding an x such that
0€ Aix+ Aox + -+ + Amx.
Let x := (x1,...,Xm). Define
A=A X - XAn:x—=Aixy X X AnXm
and B(x) := Na(x) where A := {(x,...,x) € Xm}.

Then
0 Aix+Ax+ - +Anx << 0¢€A(x)+ B(x).

The resolvents
JA(X) = JA1X1 X X JAme7

1
Jg(x) = (x,...,x) where x= E(Xl + o+ Xm).



An Application [Koch, Ph’19]

A common problem in civil engineering design is the grading of a parking lot or a building pad.
Within a given area, the engineer has to define grading slopes such that

» the grading site fits with existing structures.

> the drainage requirements on the surface are met.
> safety and comfort are taken into account.
>

the engineer would like to change the existing surface as little as possible, in order to save
on earthwork costs.

The grading site is usually represented as a Triangulated Irregular Network (TIN). The engineer
is interested in adjusting the heights of the vertices in the triangulated grid, so that the newly
obtained mesh-grid satisfies the above requirements.
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2D View of a Construction Site
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# of triangles: ~ 7,000
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3D View

of a Construction Site
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The Triangular Mesh:

V ={pj = (pj1.pj2. 2)) € R*}, |V| = n,
EC {Pipj ) pi, Pj € V},
TcC {PinPk ‘ PiPjs PiPk> PkPi € E}.

The variables are the elevations of the ver-
tices, written as a vector

z=(z1,22,...,2p) ER"
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Constraints and Costs

P Interpolation constraints, e.g., several values z;'s are predetermined.
Ginterpolation 1= {z € R", zj = y; for some vertexj}.
» Edge-slope constraints, e.g., slopes of several edges must be within a range.
Cedge-slope ‘= {z €R", a <slope(e) < f for some edge e}.

» Edge-alignment constraints, e.g., slopes of several edges must equal.

Cedge-alignment 1= {z € R" | slope(e1) = slope(ey) for some edges ey, 62}.

P Low-point constraints, e.g., minimum slope at drainage points.

Ciow-point '= {z € R" | slope(e) > «a for all e connected to a Iow—point}.
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Constraints and Costs

» Surface-alignment constraints, e.g., slopes of several triangles must equal.

Csurface-alignment = {z € R", slope(A;) = slope(Ay) for some triangles Ay, Az}.

» Surface orientation constraints

Csurface-orientation ' = {Z e R" ) S|Ope(A) = 4(ﬁA7 C_i) < « for some triangle A}

Special case: surface maximum slope: Z(fia,&3) < a, & = (0,0,1) € R3.
Special case: surface minimum slope: Z(Aa, aT) <a d= (di, d,0) € R3.

The cost function F can be a linear combination of
» Earth work total volume (i.e., cut and fill).
» Earth work net volume (dirt from cutting can be used for filling).

» Curvatures between adjacent triangles.
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The Optimization Problem

min Za,-F,-(z) subjectto ze€ C:= m C;.

By replacing C;'s with the indicator functions, this is equivalent to
m
min Z fi(z) where f; e {ajFi, ¢}
j=1

Given zy = (z,) € X, the DR iteration (in product space) is defined by

_ 1
Xk = — E Xk,is
m ~=
1

Vi=1,...,m: Yk,i = 73;:[.(2?;(7,' — Xk7,') = prOXVfI,(QYk’,' — Xk7,'),
Vi=1,...,m: Xgi1,i:= Xk,i— Xk + Yk,is

(new iteration) zxy1 := (Xk+1,i)icm-

Then the (Xx)ken converges to a solution.
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Convergence Analysis of the DR Algorithm

16



Monotonicity and Firm Nonexpansiveness

An operator A is monotone if V(a,u),(b,v) € grA, (a—b,u—v)>0.
A is maximally monotone if there is no monotone operator A such that grAC gr A
An operator T is firmly expansive (on its domain) if for all x,y € dom T,

ITx = Ty|I? < llx =yl = |(1d = T)x = (1d = T)y||?

Te—Ty

A is monotone <= T = (Id+A)~1 is firmly nonexpansive

A is maximally monotone <= dom(Ild+A)~! = X

17



Convergence Analysis

Theorem ([Lions-Mercier 1979])

Let A, B : X =% X be two maximally monotone operators such that zer(A+ B) # @. Let (xx)
be a sequence generated by the Douglas—Rachford algorithm

1
Xk4+1 = Tx, , T= §(|d —|—RBRA).

Then xi converges weakly to a fixed point X € Fix T = Fix RgRa and Jax € zer(A+ B).
Theorem ([Svaiter '11])

The sequence Jax; converges weakly to JaX.

Theorem ([Bauschke '13])

The sequence Jaxy converges weakly to JaX. (The proof is based on Demiclosedness Principle).
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An Adaptive Douglas—Rachford Algorithm (aDR)

19



The Adaptive DR Algorithm (aDR)
X1 =T, T=(1—r)ld+rRoRy,
where )1 :=J A, J2:=Jsg
Ri:=(1—A\)Id+Ah, Re = (1 — p)Id +ps,
v>0,6>0 (A-1)(p—1)=1, 6=~(—-1), k€]0,1].

lllustration:

y=hxk, z=Rixx, w= bz, t= Rz, \)

X1 = (1 — K)xic + Kt Tk QdP’

k+1 = (1 — k . , Y

/ \\\\\
If X411 = xx € Fix T, then Lh414 )/ Tteell
/ —___/
y =w and 0 € Ay + Bw, té--- w G\d“@

i.e., y is a solution.

> If \=p =2, v=279 >0, then the adaptive DR becomes the classical DR,
20



Generalized Monotonicity and Comonotonicity

Let A: X = X and o € R. We say that A is

a-monotone if VY(x,u),(y,v) €grA, (x—y,u—v)>alx—y|?

a-comonotone if Y(x,u),(y,v) €grA, (x—y,u—v)>alu—v|?

and maximally a-monotone/comonotone if there is no a-monotone/comonotone operator
whose graph strictly contains gr A.

» o = 0: monotone.
» « > 0: strongly monotone / strongly comonotone (= cocoercive).

» «a < 0: weakly monotone/ weakly comonotone.

Apply the aDR to the problem: find x such that 0 € Ax + Bx where
> A and B are maximally - and - monotone with o + 3 > 0.

» A and B are maximally a- and 8- comonotone with a4+ 3 > 0.
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Weak and Strong Monotonicity

Note that:

Ais ai;-monotone <= A+ apld is (a1 + az)-monotone.

So, if A is a-monotone and B is S-monotone with o + 5 > 0, then
A+B= (A—O‘led) + (B+aT_BId> — A+B.
Here, A and B are both (O“Tw)—monotone, in particular, monotone.

So, one can simply solve the problem

OE/Z\Vx—i-éx

using available tools for monotone operators, e.g., the classical DR algorithm.
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Convergence of the Adaptive DR Algorithm

Theorem [Dao-Ph’'19]: Let X be a Euclidean space. Assume A, B : X = X are respectively

maximally a-monotone and maximally 5-monotone with zer(A + B) # @. Let
v>0,0>0,A>1u>1, k€]0,1], and suppose further that

a+p8>0, 1+4+2ya>0,

2—-298 < pu <2+ 2va,

A=1p-1)=1, sd=QA-1)r.
Let (xx)ken be a sequence generated by the adaptive DR algorithm. Then (xx) converges
weakly to a point X € Fix T with J1x € zer(A + B).
Theorem [Dao-Ph’19]: Let A = =2 and v = 4§ > 0. Suppose that

a+pB>0 , 1+7a—ﬁ>n>0.

a+f

Let (xx)ken be generated by the classical DR algorithm. Then (xx) converges weakly to a point

x € Fix T with Ji1x € zer(A+ B).

23



Sketch of the Proof

Under the assumptions, we derive

11—k
|

ITx = Ty[|* < llx = y|* — (Id =T)x — (Id = T)yl?

K

— k(2 + 2ya = p) [ Jix — hy|?
— /iu(,u —(2- 275)) |2 Rix — J2R1)/H2-
Since 2 — 278 < pu < 2 + 2ya, we obtain

(0= T)x — (1~ T)y P,

ITx = Tyll* < lIx = yII* —

which allows for the convergence of the adaptive DR algorithm via the Krasnosel'skii-Mann

Theorem.
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Remark: Under- and Over-Reflecting the Resolvents

Let @ > 0 and suppose that A is maximally a-monotone (“strong”),

B is maximally (—a)-monotone (“weak").

Then

w=24+2ya>2 and /\:L<2.

w—1

» Under-reflect the resolvent of the strongly monotone operator A (use \ < 2).

» Over-reflect the resolvent of the weakly monotone operator B (use u > 2).

Tk Q/,-\P’%
xk—}-l/ \{\\‘ p
// ______ _./_/“_y
te---""777 w GJ@
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Convergence Analysis via Conical Averagedness

Let 8 > 0, we say that an operator T : X — X is conically f-averaged if

T =(1-6)Id+6N for some nonexpansive operator N.

=1 nonexpansive
0= % firmly nonexpansive
6 €]0,1[ : averaged

Proposition (Compositions of two conically averaged operators) [Bartz-Dao-Ph '19]

Let Ty, To : X = X be conically #;-averaged and conically 6-averaged. Suppose that either
01 =02 =1o0r 6160, < 1. Let also w € R~ {0}. Then

1, 01 =0, =1,

M, 010> < 1.

1
T .= (—Tg) (w Tl) is conically f-averaged with 6 := {
w 1-616,
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Adaptive DR (cont.)

Theorem [Bartz-Dao-Ph'19]:

Assume A, B are maximally a-monotone and maximally S-monotone, 1 +2va > 0, i > 1, and

a+B>0 and 2+4+2ya—e<pu<2+2ya+e with &=2/9(1+7a)la+B),

and either three strict inequalities happen simultaneously or none of them happens. Define

A= H ) =1 , 0< k<K',
w—1 w—1
where
* {17 o+ B = 0,
K™= 446(14va)(1+58)— (v+6)?
275(y+6)(a+5B) , at+B>0.

Let (xk)ken be a sequence generated by the aDR algorithm.

Then (xx) converges weakly to a fixed point X and Jix € zer(A + B).
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Adaptive DR (cont.)

Theorem [Bartz-Dao-Ph’19]:

Assume A, B are maximally a-comonotone and maximally 5-comonotone, v + 2a > 0, and

a+p>0 and y+2a—ec<d<vy+2a+ec with e=2/(y+a)(a+pb),

and either three strict inequalities happen simultaneously or none of them happens. Define

)
A=1+— M=1+l , 0< k<K',
~y 1)
where
. {L a+p=0,
T At (E48) —(7+9)?
W) @ tP>0.

Let (xx)ken be a sequence generated by the aDR algorithm.

Then (xx) converges weakly to a fixed point X and J1x € zer(A + B).
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Demiclosedness Principles and Weak Convergence of the aDR

Theorem [Bauschke '13] (Demiclosedness principle for firmly nonexpansive operators)

Let T1, T2 : X — X be firmly nonexpansive operators, let (x,)nen and (zn)nen be sequences in
X. Suppose that as n — 400,

xp — x*,  z, — Z%,
Tixa =y, Tazp — y7,
(xn — Tixn) + (20 — T2zp) — (X" —y*) + (25 — y7),
Tixy, — Tozy, — 0.
Then y* = Tix* = Toz*.
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Demiclosedness Principles and Weak Convergence of the aDR

Theorem [Bartz-Campoy-Ph '20] (Demiclosedness principle for cocoercive operators)
Let T1: X — X and T, : X — X be respectively o1- and op-cocoercivel, let (x,)nen and
(zn)nen be sequences in X, and let p1, po € R4 be such that

p101 + p202

>1
p1+p2

Suppose that as n — +o0,

Xp — x*,  z,— 2%,

Tixa = y*,  Tazp =y,

p1(xn — Tixn) + p2(zn — Tazn) = p1(x* —y*) + p2(z" — y7),
Tixp, — Trz, — 0.

Then y* = Tix* = Trz*.

'Firm nonexpansiveness is equivalent to 1-cocoercivity
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Demiclosedness Principles and Weak Convergence of the aDR

Theorem [Bartz-Campoy-Ph ’20] (Demiclosedness principle for averaged operators)

Let Ty, T2 : X — X be respectively 0;- and 6>-averaged where 61,0, € 10, 1[. Let (x5)ken and
(zn)ken be sequences in X and let p1, p2 > 0 be such that

9 < —P2 and g, < P
p1+ P2 p1+ p2

Suppose that as n — +o0,
xp —x* and 2z, — Z%,
Ti(xp) = y* and  Ta(z,) — y¥,
pl(Xn - Tl(Xn)) + pZ(Zn - T2(Zn)) — 0,
Tl(Xn) — TQ(Z,,) — 0.

Then T1(x*) = Ta2(2*) = y*.
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Demiclosedness Principles and Weak Convergence of the aDR

Theorem [Bartz-Campoy-Ph '20] (Monotone operators)

Suppose that A and B are maximally a-monotone and maximally S-monotone, respectively,
where o+ 3 > 0 and zer(A+ B) # &. Suppose the parameters v, J, A, i, & > 0 are appropriately
chosen. Let (xk)ken be generated the aDR. Then

Jya(xk) = Jya(x™) € zer(A+ B), where x* is the weak limit of x.

Theorem [Bartz-Campoy-Ph '20] (Comonotone operators)

Suppose that A and B are maximally a-comonotone and maximally S-comonotone, respectively,
where a+ 3 > 0 and zer(A+ B) # &. Suppose the parameters v, d, \, i, k > 0 are appropriately
chosen. Let (xx)ken be generated the aDR. Then

Jya(xk) = Jya(x*) € zer(A+ B), where x* is the weak limit of x.
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An Adaptive Alternating Directions Method of Multipliers (aADMM)

33



An Adaptive Alternating Directions Method of Multipliers (aADMM)

The Alternating Directions Method of Multipliers (ADMM) is a well studied splitting algorithm

for the optimization problem
min  f(x) + g(z)
st. Mx=2z, xeR" ,zeR",
where f : R" - R, g : R™ — R are proper, Isc, convex functions, and M € R™*",

Given an initial point (x°, % y°) and a parameter > 0, the ADMM generates

XK1 = argmin L,(x, 2%, yk),
x€eRn

K1 = argmin Ly(xkﬂ, z,y9),
zeRM

yk+1 _ yk + ’y(MXk+1 _ Zk-i-l)’

where L, (x,z,y) = f(x) + g(z) + (y, Mx — z) + %HMX — z||? is the augmented Lagrangian
associated with (P).
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The aADMM [Bartz-Campoy-Ph "21]

Let (x%, 20, y%) € R” x R™ x R™ be an initial point and let 7,6 > 0. The aADMM iterates as
follows

Xkt = argmin L,(x, %, yK) = argmin {f 7 HI\/IX — kL v H }
x€eR" xeR"
2" — argmin Ls(x*1, z, y*) = argmin {g(z) + EHI\/IX"Jr1 z+ 7H }

zeRM zeRm
yk+1 _ yk + 5(Mxk+1 _ Zk+1),

where the augmented Lagrangian is

Ly(x.2.y) = F(x) + g(2) + {y, Mx — 2) + Z|| Mx — 2>
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Weak and Strong Convexity

We say that f is a-convex if f — || - is convex, equivalently, if Vx,y € R”, X € [0,1],

FI(L = A)x+dy) <M (x) + (1 = A)f(y) - %A(l = Nlx =yl

o > 0: We also say that f is strongly convex.
a < 0: We also say that f is weakly convex (or hypoconvex).

The function f is coercive if

lim f(x)=+o0
[Ix]|—o00

and supercoercive if
f(x)
= +00

Ixll—oo [Ix]]

It is known that

strong convexity == supercoercivity = coercivity.
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More Definitions

The Fréchet subdifferential of f at x is the set

9f(x) == ue R liminf fly) = ) = {uy =) >0
i ly = xI

The recession function of f is defined by

recf :R" =] —o00,400]:y— sup {f(x+y)—Ff(x)},
xcdom f

The Fenchel conjugate of f is defined by

fF:R" =] —o00,400]: ursr feuﬂsn{<u,x> — f(x)}.
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Convergence of the aADMM [Bartz-Campoy-Ph ’21]

Let M € R™*" be a nonzero matrix, let f : R" — |—00, 4+00] be proper, Isc and a-convex, and let
g :R™ — ]—00, 00| be proper, Isc and §-convex with

a>0 and a4+ B|M|?>0.
Suppose that one of the following conditions holds:
(A.1) the Lagrangian Ly has a critical point,
(A.2) the Lagrangian Lo has a saddle point,
(A.3) problem (P) has an optimal solution and 0 € ri(dom g — M(dom f));

and that one of the following conditions holds:

1
2)
3) (recf)(x) >0 for all x € ker M\ {x € R": —(rec f)(—x) = (recf)(x) = 0},
A4) f is coercive (in particular, supercoercive),

5) a >0 (i.e., f is strongly convex),
6) MTM is invertible.
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Convergence of the aADMM (cont.)

Let & > max{0, —23} and set

v =6+28, if a + B M|*> =0,
v € max{0,6 + 28 — Az}, 6 + 28 + A4, if a+ B|M|* > 0;

where

1
Bg = /2 e+ SIMIR) (5 -+ 25).
Set (x0,29,y0) € R” x R™ x R™ and let (x¥, z¥, y*)xen be generated by the aADMM. Then

*

Mxk — Mx*, zK— 2z and yK — y*

where (x*, z*, y*) is a critical point of Lg(x, z, y). Consequently, (x*,z*) is a solution of (P). If,
in particular, (B.5) or (B.6) holds, then x* — x*.
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Convergence of the aADMM: Sketch of the Proof

Define
Q:R"=R":ym— {—Mx My ¢ 8f(x)} = (=M)o (9f) Lo (=MT)(y),
S:R"=R":y— {z Ly € 5g(z)} = (9g)"\(y),
Then the sequence w* := y* + §z¥ is generated by the aDR algorithm with parameters =, §
applied to S and Q.

Under the assumptions made:

> zer(Q+S5) # .

> @ is maximally ﬁ—comonotone, S is maximally 8-comonotone, and W + 6 >0.

Finally, apply the convergence result of the aDR for two comonotone operators.
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