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Definitions and elementary properties

Let us formulate some definitions and statements of Convex

Analysis.
A set X C R" is called convex, if for all x; € X and xo € X the

next formula
M+ (1= eX VAe|0,1] CR,

hold.
We assume that the empty set () is convex by definition.
The sum of two convex sets Xj, Xo C R" is called the set

X=X1+Xo={x1+x ’Xl € Xy, x2 € Xa}.
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Definitions and elementary properties

Sometimes the set X = Xj + X5 is called the algebraic sum of two
convex sets X; and X5 or the Minkowski sum.

By writing X; — X2 we will understand the set X; + (—X3).

If the set X C R" is convex and aX,a € R, then

aX={yeR"|y=oax, xeX}.
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Definitions and elementary properties

Let K C R" be a convex cone.

K*={geR"|(g,x)>0 VxeK}

is called the conjugate cone to K.
Let X C R" be a closed and convex set, a point x € X.
A set

N(X,x)={geR"| (g,z—x)<0 Vze X}

is called the normal cone to the set X at x.
The normal cone is a closed convex cone.
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Definitions and elementary properties

A closed convex set is called smooth if for each boundary point
there is only one support hyperplane.

If at every boundary point of a closed convex set a normal cone
consists of a single ray then this set is smooth.

This is an obvious property of a smooth set.
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Smooth approximation of a convex set

Let a set X C R" be closed and convex and X does not coincide
with R,
Fix € > 0. Form a closed convex set

X(e) = X + eB1(0n),

where
Bi(a) ={x e R" [ ||x —a|| < r},

[IX[| = v/ {x; %)
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Smooth approximation of a convex set

At this picture you can see that the rectangle vertices are smoothed
out.

Fig. 1. The family of sets X..
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Smooth approximation of a convex set

Theorem 2.
The following statements take place.

@ For every € > 0 a normal cone to the set X(e) consists of a
single ray at each boundary point zg € bd (X(¢)) .

@ For every € > 0 the set X(g) is smooth.

@ The next inclusion
N(X(z), 20) € N(X,x0)

holds, where xo = arg min ||x — z|.
xeX

Lyudmila Polyakova Smooth approximation of d.c.functions



Smooth approximation of a convex set

Let X € R" be an unbounded closed convex set.
Consider a multivalued mapping

X(-) : (0, +00) — 2F".

This multivalued mapping is Kuratowski continuous.
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Smooth approximation of a convex set

Let X C R"” be a compact convex set. Then
pH(X(g), X) — 0,if ¢ — 40,

where pp(X(e), X) is the Hausdorff metric,

A, B) = max < sup inf ||a — b||, sup inf ||a — b]| ;.
pulA,8) = max {sup it 2~ bl sup it 12 ol }
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Smooth approximation of a convex set

Convex functions

Let f : R" — R{J{+o0} J{—o0}.
The set

dom f = {x € R"| f(x) < +oo}.
is called the effective domain of a function f.

The set
epi f = {[x,u] € R" xR | f(x) < p}

is called the epigraph of f.
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Smooth approximation of a convex set

A function f is called a convex if epi f is convex. A convex
function f is said to be proper if its epigraph is non-empty and
contains no vertical lines.

For proper convex functions it is possible to give another definition
which equivalent to the above.

A function f : R” — R U {+o0} is called convex if
f()\1X1 T )\QXQ) <\ f(X1) aF )\2f(X2) Vx1,x € R",

A, A2 >0, A+ X =1.
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Smooth approximation of a convex set

Let f be a convex function.

If x € int domf, then f is continuous at x. J

Let f be a convex function. If the partial derivatives of f with
respect to each variable exist at a point x € int domf then f is
differentiable at x.
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Smooth approximation of a convex set

A proper convex function is called essentially smooth if it satisfies
the following three conditions:

@ The set X = int (dom f) is not empty;
o f is differentiable at each x € X;
@ if x1,x»,... is a sequence in X converging to a boundary point

x of X, then
lim |f'(x;)] = +oo.

i——+o00

Any smooth convex function on R” will be essentially smooth, as
the set of sequences satisfying the last condition is empty.
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Smooth approximation of a convex set

The conjugate of a function f is

*(v) = )(S:an{<x’ v) —f(x)}, veR"

Obviously, that the equality

*(v)= sup {(x,v)—fFf(x)}, veR"

xedom f

is true.
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Smooth approximation of a convex set

Note some properties of conjugate functions.

o f* is closed and convex (even when f is not).

@ The Fenchel inequality is true:
f(x) 4+ f*(v) > (x,v) ¥x €R", Vv € R".

@ A proper convex closed function f : R"” — R U {400} is
convex if and only if when

f(x) = (F)*(x), xeR"

In this case domf* # ().
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Smooth approximation of a convex set

A convex function may be nonsmooth.
Let f : R" — RU {400} be convex and x € dom f.
The set

of(x)={veR"| f(z2) - f(x) > (v,z—x) VzeR"}

is called the subdifferential of f at x.

A vector v € Of(x) is called a subgradient of f at x.

The subdifferential generalizes the derivative to functions which are
not differentiable. If f is convex and differentiable, then its gradient
at x is a subgradient.
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Smooth approximation of a convex set

Let f : R” — R U {+oc} is a proper convex function, xo € dom f,
Of (xp) # 0. Then Of(xp) is convex and closed.

For a convex function there is a close connection between the
subdifferential and its directional derivative.

If a point xp € int (dom f), the set Of(xp) is bounded, then in this
case f'(x, g) is finite for each g € R" and

(%0, 8) = .
(X07g) veng?())((())<v’g>
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Smooth approximation of a convex set

Let f be a finite convex function on R". Then a multivalued

mapping .
of :R" — 2

is upper semicontinuous.
Here 2R is a family of subsets of R".

A point x* € R" is a minimizer of a convex function f if and only if
f is subdifferentiable at x and

0 € If(xY)

Any local minimum of convex function is also a global minimum of
it.
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Smooth approximation of a convex set

Let f1,f : R" - RU {400} be a proper convex functions. A
function

f(x)= inf {filx) + R0e)} = inf {fi(x)~+H(x—xi)}
X1+ X = x x€R
x1,x2 € R”

is called the infimal convolution of two functions f1, f» and is
denoted by
f(x) = (A @ f)(x).

The infimal convolution f is convex on R".
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Smooth approximation of a convex set

The infimal convolution can also be defined in terms of addition of
epigraphs f; and f,:

(flEsz)(X):inf{,ue]R}(x,,u)e[epifl+epif2]}.

Note some properties of convex functions obtained in the result of
the infimal convolution. Let f; and  be convex functions, then

dom (AL @ f) = dom f; + dom fy.
Let /1 and £ be closed convex functions in R”. Then
(heh) =f+1f;. (1)
If ri (dom f1) Nri (dom £) # (), then

(h+hy =fof.
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Smooth approximation of a convex set

Let 1 and £ be closed convex functions on R”, and
ri (dom fi) Nri (dom £) # 0,

then, if f; is essentially smooth, then fi @ £ is also essentially
smooth.

If functions f; and £, is not identically equal +oc and the infimal
convolution f; & £, is exact at a point x = x; + x», then

A(f @ H)(x) = 0fi(x1) N Ih(x).
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Smooth approximation of a convex set

Let f; be a continuous convex function on R"” and
1 .
h(x) = E(Mx,x>, where M be a definite positive matrix. The

function
() = (R @ )0 = inf {A0)+ 3M0x =), (=) |

is called the Moreau-Yosida regularization.
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Smooth approximation of a convex set

Example 1.

Let X; C R" and X5 C R” be convex sets and
fi(x) = 6(Xy, x), f2(x) = 6(Xa, x) be the indicator functions of Xj
and X5, then

f(x)=(A®R)(x)=0d8X1+ X2)(x).

For example, if
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Smooth approximation of a convex set

0, x € Xy,
+00, x & Xi,

one {(1)(3)( ) () e

0, xeXi+ Xy,
—|—OO, X¢X1+X2-

0, x € Xp,

o, x) = { oo, x & Xa,

, 0(Xz,x) = {

O( X1+ X2, x) = {
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Smooth approximation of a convex set

Example 2.

Let X C R" be a convex set, fi(x) = §(X, x) be the indicator
function, f> be a convex function, then

f(x) = (A @ R) (x) = inf fox—x).

Let
X=co{-1,1} CR, f(x)=6X,x), hx)=x% xecR.

Then
(14+x)?, x< -1,
fix)=(hoh)(x)= 0, x| <1,
(1-x)?, x>1.
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Smooth approximation of a convex set

Fix € > 0. Denote a function

_ 2 _
= { VI e

+00, x| > e,
We have

ti(v) =ey/1+4(v,v), veR" e>0.

The function t. is determined only in a ball of radius ¢ with the
center at the zero point.
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Smooth approximation of a convex set

This function is essentially smooth, i.e., it is differentiable in each
internal point x € int dom t., and, if x{, x,... is a sequence of
elements from int dom t. converging to the point x & int dom ty,,
then

lim |f'(x;)] = +oo.

i—+o0

Therefore, the effective domain of the function t is the whole
space R".
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Smooth approximation of convex functions

Smooth approximation of convex functions

Consider a convex function f : R” — R and a closed convex set
D C R". Denote by

X=epif={[x,u)] eER"xR| p>f(x), x€D}.
Construct a family of convex closed sets Z. ¢ R"*1
Z. = X +eBi(0p11) CR™ 2 >0,
a family of convex closed sets D. C R”

D. = D +¢By(0,) C R,
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Smooth approximation of convex functions

and a family of convex functions

é(x)z{ infu, [xu]eZ
400, at other cases.

Here
B-(0,) = {x e R"[[|x]| <&}, Be(0nt1) = {x € R™|||x]| <e}.

We have
dom f; = D,

and for each fixed € > 0 the graph of the function . is the lower
envelope of the corresponding sets X..

Lyudmila Polyakova Smooth approximation of d.c.functions



Smooth approximation of convex functions

Fix a positive number ¢ > 0. Let z € D. Consider a family of
convex functions {¢:(x, z)}

ve(x,z) = f(z) + t(x, 2),

where
t-(x,z) =9 e —lx=zl’,  xe€B(z),
e\ X +00, at other cases.
Here

B.(z) = €Bi(z) = {x €R" | ||x —z|][ < e } C D..
It is obvious that

dom ¢.(,z) = Be(z), |J B:(2) =D..

zeD
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Smooth approximation of convex functions

Denote H.(z) = epi ¢.(-,z) C R"L. Consider also functions

ve(x) = inf @.(x, 2)
zeD

and its epigraphs H. = epi ..
From the construction of the function f. we have

Lemma 1.

The next equality
fe(x) = (f & t=)(x)
holds where

_ 2 _ 2
t€<x):{ 2P, Ixll <e,

~+o00, at other points.
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Smooth approximation of convex functions

Note the fact that the function t. is an essentially smooth function
for every fixed positive .

Consider the function f.(x) = (f & t.)(x).

As the function £ is a closed proper convex function then the
Fenchel inequality

(v)=Ff"(v)+ti(v), veR"

€

holds.
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Smooth approximation of convex functions

Example 3.

Let
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Smooth approximation of convex functions

Fig.2. The functions f(x).
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Smooth approximation of convex functions

Consider two variants.

1. Let the set D be the Euclidean space R. Then the set of
minimizers of this function consists of a single point x* = 2 and
f(2) = —4. Fix an arbitrary positive £ > 0. Then (see Fig.1)
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Smooth approximation of convex functions

—2x — 6 — \/5e,
—2—/e?2 — (x+2)?,
1 5e
_Tx_—3_2Y="%
2 27’
—4 — /g2 — (x — 2)?
2x — 8 — v/be

X €

X €

X €

2
X € (—oo,—2— \/§€> ,

Vbe

2= 02
5 5
_z_j,Q_@ ,
5 5
5 55’2 2\/§e>7
5 5
2v/be
SECH
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Smooth approximation of convex functions

Fig.3. The family functions £(x).
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Smooth approximation of convex functions

The function £ is continuously differentiable on R and

2
-2, X € (—oo, -2 — \5@6) ,

Xx+2 2/5¢ \/55)

X € |—2— -2 -

VEGrap (ST s s
f/(X)— 1 \/>€ fs)

X)=1 72 x € ‘2‘72‘7
2 [ 2
X x € 2—ﬁ2 Ve :
—(x—2)2 5 5
2
2 X € |2+ ?8,4—00).
\ L
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Smooth approximation of convex functions

Hence f/(2) =0 and £(2) = —4 —e. We have

1
_2V+2, Vv € _2,—2>7
*(v) = 1
F(v) Qvt4, ve —2,2] :

+00, at other points.
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Smooth approximation of convex functions

2. Consider the case when the set D is the segment [—3,0]. Then
consider the function

f(x) = max{—2x— 6,—%x— 3}, xe[-3,1] CcR.

400, x € (—o0,—2),
1
—2x—6, x€|-2,—=
B X b X ) 2 b
= 1 1
i —5x =3, x€ —2,0],
(2+=)
—+o0, X € —§,+oo .

Then D. = [-3 — ¢, ¢] (see Fig.4.) and
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Smooth approximation of convex functions
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Smooth approximation of convex functions

The function . is differentiable for all x € (=3 — ¢,¢) and
/(0) = 0. As

?6(0) =-3- &, fa(_3 - E) = 07 fS(E) = _37

then

in fz(x) = -3 —e.
min - (x) 3—¢

Lyudmila Polyakova Smooth approximation of d.c.functions



Smooth approximation of convex functions

Fig.4. The family £(x).
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Smooth approximation of convex functions

Theorem 4.
For the function . the following statements

dom f. =dom f; + B-(0,), epif- =epi fi + B-(0p41),

hold.

Theorem 5.
For any fixed € > 0 the function f. is continuously differentiable at
each interior point of D,.

The set epi - is smooth for any positive ¢
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Smooth approximation of convex functions

@ For any fixed point xg there exists a unique point zg € D for
which

ve(x0) = f(20) + t-(x0, 20)-

Q@ H.=epip. = U epi p(-,2) = U H:(2).
zeD zeD

Q H.=2Z.
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Smooth approximation of convex functions

Corollary 2.

For any fixed ¢ > 0
fe(x) = e (x).

| \

Theorem 7.
Let a point xg € intD.. Then there exists a unique point zyp € D
for which

fE/(Xo) E 8f(20)
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Smooth approximation of convex functions

Note some properties of functions conjugate to the functions f and
f.. Let f be a closed proper convex function on R”. A set

dom Of = {x € R" | f(x) # 0}

and
range Of = U O0f (x)

x€eRn"

are called respectively the effective set and the image of Of. It is
known, that

ri(ldom f*) C range Of C dom f*.
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Smooth approximation of convex functions

Take
v € range 0f. C domf.

Then there exists a point x € domf. for which v € 9f.(x),
therefore,

£() + £(v) = (x,v).
Consider the point X = [x, fz(x)]. Find

z=arg min ||z - x|| = [z f(2)],
EXe

Therefore
f(x) € 0f(2), x=z+ep(X)[f(x),-1], x =z +eu(v)£(x).

where
1

)= AT
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Smooth approximation of convex functions

Theorem 8.

If the set D is compact and convex, then

min f(x) = i fo(x) + e

Let M be the set of minimizers of f on D, and M. be the set of
minimizers of £, on D..
The case when these sets are empty is not excluded.

Theorem 9.
© The next equality M = M, holds.
@ If M is not empty set, then

f(z*)=f(z")—e Vz" e M.
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Difference of convex functions (D.c. functions)

Difference of convex functions

Let f1, % : R" — R be finite convex functions on R" and
f(x) = fi(x) — fa(x).

The function f is a quasidifferentiable function.
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Difference of convex functions (D.c. functions)

Quasidifferentiable functions

Let a function f be defined on R” and be directionally differentiable
at a point x € R" and its directional derivative f'(x, g) can be
represented in the form

f'(x,g) =li = ,g)+ mi ,g).
(x, ) = lim 3 Vgé?é)w g) Wengfr}x)w g)

Here 9f (x) C R", 9f(x) C R" are convex compact sets in R”.
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Difference of convex functions (D.c. functions)

The function f is called a quasidifferentiable at a point x € R". A
pair of sets Df(x) = [0f(x), Of(x)] is called a quasidifferential of
a quasidifferentiable function f at x.

The set 9f (x) C R" is called a subdifferential of f at x, the set
Of(x) C R" is called a superdifferential of f at x.

Differentiable, convex, concave functions, maximum functions are
quasidifferentiable functions.

As the function f is quasidifferentiable on R" and

Df(x) = [0 (x), —0f(x)]

is its quasidifferential at a point x € R", where Jf;(x) are the
subdifferentials of convex functions fj(x), i = 1,2, at the point
x € R" in the sense of Convex Analysis.

Lyudmila Polyakova Smooth approximation of d.c.functions



Difference of convex functions (D.c. functions)

Let's consider the optimization problem: find

inf £(x).
XIEnR" (X)

The following necessary optimality conditions for the function f on
R" hold.

Theorem 10.

For a point x* € R” to be a minimizer of the function f on R”, it is
necessary, that

O (x*) C Df(xY). (2)

For a point x* € R” to be a maximizer of the function f on R”, it
is necessary, that
Of(x*) C 9h(x"). (3)

4
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Difference of convex functions (D.c. functions)

If the inclusion
0h(x*) C int 0f(x™)

holds at the point x* € R” then this point is a strict local
minimizer of the function f on R".

If the inclusion
0fi(x™) C int Ofz(x™)

is satisfied at the point x* € R” then this point is a strict local
maximizer of the function ¥ on R".
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Difference of convex functions (D.c. functions)

A point x* is called an inf— stationary point of f if inclusion (2)
holds. A point x** is called a sup— stationary point of f if inclusion
(3) holds.

We say that a point x* is Clark’s stationary point of function f on
R", if the next condition

OR(x*) [ 0R(x") # 0

holds. It is obvious that inf — and sup-stationary points of the
function f on R" are also Clark’s stationary points of f on R”".
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Difference of convex functions (D.c. functions)

Fix any point x € R", then
f(x) — f(x) < K(v) - f(v)  Vveaf(x), (4)

A - B> B - () Wedhl),  (5)
Al — Hlx) = () - £(v) W edR()NRK).  (6)

V.
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Difference of convex functions (D.c. functions)

Denote by

fo(v) =16(v)—f(v), veR"
If a point v € dom f;* Udom £, then we face with the case
400 — 0.
Therefore in different cases under considering of certain extremal
properties, we will define this function on different depending on
the situation
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Difference of convex functions (D.c. functions)

1. If the point x* € R" is Clark’s stationary point of the function f
on R”, then the equality

F(x*) = fo(v) Vv € 9 (x*) N OfH(x")

holds.

2. If the point x* € R" is an inf-stationary point of the function
on R”, then the equality

f(x*) =f°(v*) Vv* € df(x") (7)

holds.
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Difference of convex functions (D.c. functions)

3. If the point x* € R" is sup-stationary point of the function f on
R", then the equality

f(x*)=rf°(v*) Vv e of(x") (8)

holds.
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Difference of convex functions (D.c. functions)

Example 4.

Consider a function
f(x) = A(x) — h(x)=|x| — x|, x=(x,x)¢E R2.

However, it is Clark’s stationary point of the function f on R?.
Define conjugate functions of f; and . We have

wroN 0, veco{(1,0),(-1,0)},
f(v) = { +o0o, v ¢co{(1,0),(-1,0)},

Wiy 0, veco{(0,1),(0,-1)},
f2(v) = { +oo, v ¢&co{(0,1),(0,-1)},
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Difference of convex functions (D.c. functions)

Ahs Of(x*) = co {(1,0),(~1,0)}, 9f(x*) = co {(0,1), (0, —1)},
then

02 € DR (x*) N AfH(x*) = co {(1,0), (—1,0)} Nco {(0,1), (0, ~1)}.

Therefore f(x*) =0 = £°(02).
From conditions (6) it follows that if the point x* is Clarke's
stationary point of the function f on R”, then the next relation

DR (VYNOE (V) £ 0 W* € 9f(x") NOf(x*)

is valid
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Difference of convex functions (D.c. functions)

Example 5.

Consider the function

x3, x>0, 0, x>0,
fl(x):{o x <0, fZ(X):{—X3 x <0 xeR.

Note that the functions f; and £ are convex and continuously
differentiable. Then f(x) = x3. The function f has a unique
stationary point x* = 0 and

f(x)=0, H(x*)=0.
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Difference of convex functions (D.c. functions)

8 8
6 6
4 4
2 2
2 3 0 1 2 2 a L 1 2
X X

Fig.5. The functions f; and f,.
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Difference of convex functions (D.c. functions)

B8
25 25
r2 2
M5 15
1 1
05 05
I A I RS TN AR
X X

Fig.5. The functions £;* and f;".
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Difference of convex functions (D.c. functions)

Calculate f* and ;. We have

M v > O +OO7 "4 > 07
ffv)=q 3v3' = ,H(v)= 2vy/]v| veR.
———, v<0
+o0, v <0, 3v3 )
Therefore,
+o0, v>0,
fO(V): 07 VZO;
—o0, v<0.
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Difference of convex functions (D.c. functions)

The function £ is finite only in a single point v* = 0. Find
subdifferentials of functions f;* and £;° at the point v*

9f(0) = (—00,0) C R, 9£(0) = [0, +00) C R.

It is obvious that 9f;*(0) N 9f;(0) = 0.
Note the fact that if we calculate the function conjugate to the
function f, then f*(v) = 400 Vv € R.

From (4) and (5) it follows:
1) if dom £ ¢ dom f*, the function f are unbounded from below,
2) if dom f;* ¢ dom £, then the function f unbounded from above.
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Difference of convex functions (D.c. functions)

Note that in the points not belonging to the set dom f;*, we face
with the case +00 — oo, therefore, under minimizing the function f
on R", we define the function f° on the complement of the set
dom f* to the whole space by the value +oc.

Namely, put

f°(v), ve&dom ff*
o _ ) Y
F(v) = { +00, v ¢&dom f.
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Difference of convex functions (D.c. functions)

Let a point x* € R” be a global minimizer of the function f on
R”, then any subgradient v* € 0f(x*) is a global minimizer of the
function ° on R".

Theorem 12.

Let a point x* € R" be Clark's stationary point of the function f
on R". Then, if there is a global minimizer

v € 0fi(x*) N oh(x"),

of the function f° on R", then the point x* is a global
minimizer of the function f on R".
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Difference of convex functions (D.c. functions)

Corollary 3.

If there is a global minimizer x* € R" of the function f on R” then
there is a point v* € R”, which is a global minimizer of the
function £° on R". In this case the relation

min f(x) = min f°(v

min £(x) = min £2(v)

is valid.

If the function f achieves at some point x* € R" its global
minimum on R”, then dom £ C dom f*.
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Smooth approximation of d.c. functions

Let f1, » be convex functions on R" and
f(x) = A(x) — f(x), xeR™
Fix € > 0 and form functions
fo(x) = fie(x) = fae(x),
where
fe(x) = (ADE) (x),  fe(x) = (ROE) (x),

_ 2 _ 2 <
o= { VTR e g
+00,

[Ix[] > e,

The function £. is continuous differentiable on R".
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Smooth approximation of d.c. functions

Theorem 13.

If a point x* € R" is a stationary point of the function f. on R”
(f{.(x*) = f3.(x*)), then at the point

* * € /(*)

= = - 2f15X
V1A (O]

the next intersection
Oh(x*) N OhH(x™) # 0

holds and

f(2%) = £(x"), FL(x") € 9R(2*) N Oh(2").
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Smooth approximation of d.c. functions

Theorem 14.
Let a point x* be a global minimizer of £. on R”, then the point

€
Z'=x" - fl(x")
L+ ()2

is a global minimizer of f on R” and

f.(x") € Oh(z") C I(2").
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Smooth approximation of d.c. functions

Theorem 15.

Let a point z* be a global minimizer of the function f on R". Then

the point
* * €

R S—
14 [v]]?
is also a global minimizer of the function f. on R" for each
v € 0f(z*) and
f(z%) = (7)),

v

v=f(x)) =K (x) Vv EOIR(Z) COA(Z).
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Thank you for your attention
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