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Problem

min
x∈Rd

f (x)

f : Rd → R is
twice differentiable
(potentially) non-convex
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Algorithm Generic 2nd-order Method
Start from x0

for k = 1, 2, . . . do

pk =


αkp where Hkp ≈ −gk (Line Search)

arg min
‖p‖≤∆

〈p, gk〉+ 〈p,Hkp〉 /2 (Trust Region)

xk+1 = xk + pk

end for
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Why CG?

Let’s consider the simple case of Hkp ≈ −gk

When f is strongly convex

=⇒ Hk is SPD

More subtly...

p(t) = arg min
p∈Kt

〈p, gk〉+ 1
2 〈p,Hkp〉

〈p, gk〉 ≤ −
1
2 〈p,Hkp〉 < 0

p(t) is a descent direction for f (x) for all t!
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Classical Newton’s Method

But...what if the Hessian is indefinite and/or singular?

Indefinite Hessian =⇒ Unbounded sub-problem
g /∈Range(H) =⇒ Unbounded sub-problem
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min
p∈Rd

‖Hkp + gk‖

The underlying matrix in OLS is

symmetric

(possibly) indefinite

(possibly) singular

(possibly) ill-conditioned

MINRES-type OLS Solvers
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Newton-MR-type Algorithms
A class of Newton-type algorithms with MINRES as sub-problem solver
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Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)
But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2 < 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)

But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2 < 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)
But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2 < 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)
But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2 < 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)
But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2 < 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)
But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2

< 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)
But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2 < 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)
But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2 < 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)
But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2 < 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Sub-problems of MINRES:

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

There is always a solution (sometimes infinitely many)
But more subtly...

p(t) = arg min
p∈Kt

1
2‖Hkp + gk‖2

〈
p(t),Hkgk

〉
≤ −1

2‖∇
2f (xk)p(t)‖2 < 0

p(t) is a descent direction for ‖g‖2 for all t!

10 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

min
x∈Rd

f (x)
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min
x∈Rd

‖g‖
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Algorithm Newton-MR (Invex)
1: Input: x0, 0 < τ < 1, 0 < ρ < 1

2: for k = 0, 1, 2, . . . until ‖gk‖ ≤ τ do

3: pk ≈ −H†kgk

4: Find αk such that
∥∥gk+1

∥∥2 ≤ ‖gk‖
2 + 2ραk 〈pk ,Hkgk〉

5: Update xk+1 = xk + αkpk
6: end for
7: Output: x for which ‖gk‖ ≤ τ

14 / 53
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Examples of Convergence Results

Global Linear Rate in “‖g‖”

∥∥∥g (k+1)
∥∥∥2
≤ (1− η) ‖gk‖

2 , 0 < η ≤ 1.

Global Linear Rate in “f (x)−min
x

f ” Under Polyak-Łojasiewicz

f (xk)−min
x

f ≤ Cζk , 0 < ζ ≤ 1.

Error Recursion with αk = 1

min
y∈X ?

‖xk+1 − y‖ ≤ c1 min
y∈X ?

‖xk − y‖2 +
√

(1− ν)c2 min
y∈X ?

‖xk − y‖ .

15 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Inexact Hessian

H̃ ≈ H
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Inexact Hessian

∥∥∥H̃ −H
∥∥∥ ≤ ε
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Finite-sum Optimization

f (x) = 1
n

n∑
i=1

fi(x)
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Finite-sum Optimization

f (x) = 1
n

n∑
i=1

fi(x)

H = 1
n

n∑
i=1
∇2fi(x).
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Finite-sum Optimization

f (x) = 1
n

n∑
i=1

fi(x)

H̃ = 1
|S|

∑
j∈S
∇2fj(x),
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Finite-sum Optimization

f (x) = 1
n

n∑
i=1

fi(x)

|S| ∈ O
(
ε−2 log

(2d
δ

))
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Finite-sum Optimization

f (x) = 1
n

n∑
i=1

fi(x)

P
(∥∥∥H̃ −H

∥∥∥ ≤ ε) ≥ 1− δ
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Newton-MR with Inexact Hessian

Algorithm Newton-MR With Inexact Hessian Information
1: Input: x0, 0 < τ < 1, 0 < ρ < 1

2: for k = 0, 1, 2, . . . until ‖gk‖ ≤ τ do

3: pk ≈ −H̃†kgk

4: Find αk such that
∥∥gk+1

∥∥2 ≤ ‖gk‖
2 + 2ραk

〈
pk , H̃kgk

〉
5: Update xk+1 = xk + αkpk
6: end for
7: Output: x for which ‖gk‖ ≤ τ
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Recall: Newton’s Method

x(k+1) = x(k) − αkH−1
k gk
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Recall: Newton’s Method w. Inexact Hessian

x(k+1) = x(k) − αkH̃−1
k gk
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Recall: Newton’s Method w. Inexact Hessian

x(k+1) = x(k) − αkH̃−1
k gk

(1− ε̃1)H � H̃ � (1 + ε̃1)H
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Recall: Newton’s Method w. Inexact Hessian

x(k+1) = x(k) − αkH̃−1
k gk

(1− ε̃2)H−1 � H̃−1 � (1 + ε̃1)H−1
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Recall: Newton’s Method w. Inexact Hessian

x(k+1) = x(k) − αkH̃−1
k gk

∥∥∥H̃−1 −H−1
∥∥∥ ≤ ε̃3
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Newton-MR Method

x(k+1) = x(k) − αkH†kgk

∥∥∥H̃† −H†
∥∥∥ ≤ ε̃3 (?)
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lim
ε→0

H̃† = H†

⇐⇒ Rank(H̃) = Rank(H)

∥∥∥H̃† −H†
∥∥∥ ≤ ε̃3 7

[Matrix Perturbation Theory, Gilbert W. Stewart and Ji-guang Sun]
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∥∥∥H̃† −H†
∥∥∥ ≤ (1 +

√
5

2

)
max

{∥∥∥H†∥∥∥2
,
∥∥∥H̃†∥∥∥2}

ε

[Matrix Perturbation Theory, Gilbert W. Stewart and Ji-guang Sun]
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)
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{∥∥∥H†∥∥∥2
,
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ε

∥∥∥H̃†∥∥∥ ∈ o
( 1√

ε

)

7
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(1
ε

)

[Matrix Perturbation Theory, Gilbert W. Stewart and Ji-guang Sun]
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〈Hg ,p〉

= −
〈
Hg ,H†g

〉
= −

∥∥∥UUᵀg
∥∥∥

Rank(H̃) 6= Rank(H) =⇒
∥∥∥ŨŨᵀ −UUᵀ

∥∥∥ = 1
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∥∥∥ŨŨᵀ −UUᵀ

∥∥∥ = 1

24 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

〈Hg ,p〉 = −
〈
Hg ,H†g

〉
= −

∥∥∥UUᵀg
∥∥∥
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Instead of ∥∥∥H̃H̃† −HH†
∥∥∥ ≤ ε̃3
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which implies ∥∥∥(H̃H̃† −HH†
)

v
∥∥∥ ≤ ε̃3 ‖v‖ , for all v
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we only need ∥∥∥(H̃H̃† −HH†
)

g
∥∥∥ ≤ ε̃3 ‖g‖
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∥∥∥(H̃H̃† −HH†
)

g
∥∥∥ ≤ (O(ε) +

√
1− ν

)
‖g‖

25 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

p(t)
k ≈ arg min

p∈Kt

∥∥∥H̃kp + gk

∥∥∥

∥∥∥p(t)
k

∥∥∥ ≤ (O(1) +
√
1− ν
ε

)
‖gk‖ , t = 1, 2, . . . ,Rank(H̃k)
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Global Convergence: Inherent Stability

∥∥gk+1
∥∥2 ≤ (1− η +O(ε)) ‖gk‖

2

Local Convergence: Inherent Stability

‖g(xk+1)‖ ≤ c1 ‖g(xk)‖2 + (c2 +O(ε)) ‖g(xk)‖

27 / 53



Introduction Newton-MR (Invex) Newton-MR (Non-convex) References

Softmax-Cross Entropy: HAPT

f (xk) vs. Iterations ‖gk‖ vs. Iterations

f (xk) vs. Iterations ‖gk‖ vs. Iterations
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DenseNet-201 with SoftPlus activation and CIFAR100 dataset
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The factors involving 1− ν have real effect!
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f (x1, x2) = ax2
1

b − x2
, x1 ∈ R, x2 ∈ (−∞, b) ∪ (b,∞)

ν = 8
9
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f (xk) vs. Iterations ‖gk‖ vs. Iterations

Step-size vs. Iterations
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Recall...

Algorithm Generic 2nd-order Method
Start from x0

for k = 1, 2, . . . do

pk =


αkp where Hkp ≈ −gk (Line Search)

arg min
‖p‖≤∆

〈p, gk〉+ 〈p,Hkp〉 /2 (Trust Region)

xk+1 = xk + pk

end for
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p(t) = arg min
p∈Kt (H,−g)

〈p, g〉+ 〈p,Hp〉 /2

Conjugate Gradient

Useful for trust region:

Similarity to TR’s sub-problem: arg min
‖p‖≤∆

〈p, g〉+ 〈p,Hp〉 /2∥∥∥p(t)
∥∥∥ increasing with t

Useful for Newton-CG and trust-region:

Negative curvature direction
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Fong, D.C., & Saunders, M. (2012). CG Versus MINRES: An Empirical Comparison. Sultan Qaboos University Journal for

Science, 17, 44-62.
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p(t) = arg min
p∈Kt (H,−g)

‖g + Hp‖2 /2
Minimum Residual
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p(t) = arg min
p∈Kt (H,−g)

〈p,Hg〉+
〈
p,H2p

〉

︸ ︷︷ ︸
/

/2
Minimum Residual
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MINRES:

Negative Curvature or PSD Certificate?
(without any additional work)

Monotonicity Properties?
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A←− H, b ←− −g
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Starting from x0 = 0, we have

xt = arg min
x∈Kt (A,b)

‖Ax − b‖
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Lemma (Liu and Roosta, 2021)
As part of MINRES iterations, we can readily compute

〈r t−1,Ar t−1〉
〈r t−1, r t−1〉

= ♠t−1 ×♣t

where r t−1 = b − Axt−1
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Since r t−1 ∈ Kt (A,b), from Lanczos Process, we get

AV t = V t+1T̃ t , T̃ t =
[

T t
βt+1eᵀ

t

]

=⇒ V ᵀ
t AV t = T t

Range(V t) = Kt (A,b)

=⇒ r t−1 = V tz
=⇒ rᵀt−1Ar t−1 = zᵀV ᵀ

t AV tz = zᵀT tz

T t � 0 =⇒ rᵀi−1Ar i−1 > 0, 1 ≤ i ≤ t

How about the converse?
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MINRES: Non-positive Curvature Detection and Monotonicity Properties

rᵀi−1Ar i−1 > 0, 1 ≤ i ≤ t =⇒



T i � 0, 1 ≤ i ≤ t

A � 0, if t = g(A,b) ≥ Rank(A)

xᵀ
i b > xᵀ

i Axt , 1 ≤ i ≤ t

〈x i ,Ax i〉 /2− 〈b, x i〉
y, 1 ≤ i ≤ t

‖x i‖
x, 1 ≤ i ≤ t

E.g.: Picking b uniformly at random from unit sphere guarantees w.p.1
that t = g(A,b) ≥ Rank(A)
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Approximate Optimality Conditions:

First-order

‖gk‖ ≤ εg

Second-order

‖gk‖ ≤ εg , and λmin (Hk) ≥ −εH I
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We use the perturbation approach by Royer, O’Neill, and Wright, 2020

H ⇐= H + εH I
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Algorithm Newton-MR (Non-convex)
for k = 1, 2, . . . do

if ‖gk‖ ≤ εg then
gk ∼ B(0, 1)

end if
Run MINRES to obtain pk ≈ arg min

p∈Rd
‖(Hk + εH I) p + gk‖

if ‖gk‖ ≤ εg and MINRES certifies Hk ≥ −εH I then
Terminate

end if
Find αk , with the initial trial step-size αk = 2, such that

f (xk + αkpk) < f (xk)− ρα3
k ‖pk‖

3

xk+1 = xk + αkpk

end for
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CG︷ ︸︸ ︷
〈p, g〉 ≤ − 〈p,Hp〉 /2

MINRES︷ ︸︸ ︷
〈p, g〉 ≤ − 〈p,Hp〉

α = 1 α = 2
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Operation Complexity

First-order

Õ
(
max

{
ε−3
g ε

5/2
H , ε

−7/2
H

})

ε2H =εg =ε
=⇒ Õ

(
ε−7/4

)

Second-order

Õ
(
max{ε−7/2

H , ε
−1/2
H ε

−3/2
g }

)

ε2H =εg =ε
=⇒ Õ

(
ε−7/4

)
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Õ
(
max{ε−7/2

H , ε
−1/2
H ε

−3/2
g }

)

ε2H =εg =ε
=⇒ Õ
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Figure: None-linear Least-square problem with CIFAR10 dataset.
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Figure: Auto-encoder with CIFAR10 dataset.
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Figure: Auto-encoder with CIFAR10 dataset.
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Figure: Performance Profile on 252 CUTEst Problems
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