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Introduction



Problem class: expressive and flexible

Constrained Structured Programs

minimize f(x) + g(x)

over x ∈ Rn

subject to c(x) ∈ D

Assumptions:
I f : Rn → R and c : Rn → Rm are smooth
I g : Rn → R := R ∪ {∞} is proper and lsc
I D ⊂ Rm is nonempty and closed

5



Motivations: nonsmooth structures

Optimal control with switching costs

minimize

∫ T

0
`(t, x(t))dt + TV(u)

subject to ẋ(t) = f(t, x(t), u(t))

b(x(0), x(T)) = 0
u(t) ∈ {0, 1}

 nonsmooth regularization

Vanishing constraints

minimize f(x, y)

subject to x ≥ 0, x > 0 ⇒ y ≥ 0
c(x) ≥ 0

 disjunctive constraints: projection and distance
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More examples

Nonsmooth Rosenbrock and either-or constraint:

minimize f(x) + |x1|
over x ∈ R2

subject to x2 ≤ −x1 ∨ x2 ≥ x1

 nonsmooth cost, nonconvex constraint set

Sparse portfolio optimization:

minimize f(x) + ‖x‖0
subject to µ>x ≥ %, ‖x‖1 = 1, 0 ≤ x ≤ u

 discontinuous cost, MIQP reformulation
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Constrained Structured Optimization

minimize f(x) + g(x)

over x ∈ Rn

subject to c(x) ∈ D

aka Composite Optimization

Assumptions:
I f : Rn → R is smooth
I g : Rn → R is proper and lsc

Oracles:
I x 7→ f(x) and x 7→ ∇f(x)

I x, γ 7→ x̄ ∈ proxγg(x), g(x̄)
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Proximal Mapping

proxγg : Rn ⇒ Rn, γ > 0,

proxγg(x) := arg min
z∈Rn

{
g(z) +

1
2γ
‖z− x‖2

}

Basic properties
I stepsize γ balances minimization of g and distance from x
I often has closed-form solution
I generalizes projection

See proximity-operator.net (MATLAB, Python) and JuliaFirstOrder/ProximalOperators.jl (Julia). 9



Proximal mapping and Projections

Let D ⊂ Rm be a nonempty closed set.

Indicator function δD : Rm → R

δD(v) :=

{
0 if v ∈ D
∞ otherwise

Projection mapping projD : Rm ⇒ Rm

projD(v) := arg min
z∈D

‖z− v‖ = proxγ δD(v)
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Composite Optimization
and

Proximal Gradient Method



Composite Optimization: Necessary Conditions

Problem
minimize q(x) := f(x) + g(x)

Minimizer x? ∈ arg minq.

Stationarity condition (⇐ Optimality)

0 ∈ ∂q(x?) ⇔ dist(∂q(x?),0) = 0

Approximate stationarity, ε ≥ 0,

dist(∂q(x?),0) ≤ ε
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Composite Optimization: Necessary Conditions

Problem
minimize q(x) := f(x) + g(x)

Minimizer x? ∈ arg minq.

Stationarity condition
0 ∈ ∂q(x?)

Let Tγ : Rn ⇒ Rn

Tγ(x) := proxγg(x− γ∇f(x))

combine gradient and proximal steps.

Criticality condition (⇒ Stationarity)

∃γ > 0 : x? ∈ Tγ(x?)

[1] A. Themelis, L. Stella and P. Patrinos. Forward-Backward Envelope for the Sum of Two Nonconvex Functions. SIOPT 28(3), 2018. 13



Some notation and definitions
Let h : Rn → R be a proper and lsc function and x̄ ∈ Rn a point with
h(x̄) finite.

∂̂h : Rn ⇒ Rn denotes the regular (Fréchet) subdifferential of h:

v ∈ ∂̂h(x̄)
def⇔ lim inf

x→x̄
x 6=x̄

h(x)− h(x̄)− 〈v, x− x̄〉
‖x− x̄‖

≥ 0

∂h : Rn ⇒ Rn denotes the (limiting) subdifferential of h:

v ∈ ∂h(x̄)
def⇔ ∃{(xk, vk)} : xk h→ x̄, vk ∈ ∂̂h(xk), vk → v

h-attentive convergence of a sequence {xk}:

xk h→ x̄ def⇔ xk → x̄ with h(xk)→ h(x̄)

[2] R.T. Rockafellar and R.J.B. Wets, Variational Analysis, volume 317, Springer, 1998. 14



Proximal Gradient Method
aka Forward-Backward Splitting

minimize q(x) := f(x) + g(x)

Iterative method:
xk+1 ∈ Tγ(xk)

where Tγ(x) := proxγg(x− γ∇f(x)).

Descent lemma: if x̄ ∈ Tγ(x),

q(x̄) ≤ q(x)− 1− γLf

2γ
‖x̄− x‖2

 adaptive variant needed: γ ∈ (0, 1/Lf)

[3] Proximal Algorithms. N. Parikh and S. Boyd. Foundations and Trends in Optimization, 1(3):127–239, 2014. 15



Adaptive Proximal Gradient Method

select x0 ∈ Rn, γ0 > 0, α ∈ (0, 1)
for k = 0, 1,2, . . . do
while true do

select x̄k ∈ Tγk(xk)
if f(x̄k) > f(xk) + 〈∇f(xk), x̄k − xk〉+ α

2γk
‖x̄k − xk‖2 then

set γk ← γk/2
else

break
end if

end while
set γk+1 ← γk and xk+1 ← x̄k
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Accelerated Proximal Gradient Method

minimize q(x) := f(x) + g(x)

PGM: xk+1 ∈ Tγk(xk)

 cheap iterations, slow convergence
X nonconvex problems supported

 Nesterov acceleration (e.g. FISTA)
. . . usually needs some convexity

 Anderson acceleration
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Accelerated Proximal Gradient Method: PANOC

minimize q(x) := f(x) + g(x)

PGM: xk+1 ∈ Tγk(xk)

0 ∈ Rγ(x) ⇔ x ∈ Tγ(x) ⇒ 0 ∈ ∂q(x)

PANOC+

 limited-memory quasi-Newton acceleration
 globalization
 cheap iterations, fast convergence
X nonconvex problems
 supports∇f locally Lipschitz continuous

[4] L. Stella, A. Themelis, P. Sopasakis and P. Patrinos. A simple and efficient algorithm for nonlinear model predictive control, IEEE CDC, 2017.

[5] A. D.M. and A. Themelis. Proximal gradient algorithms under local Lipschitz gradient continuity, 2021. arXiv:2112.13000 18



Constrained Structured Programs



Constrained Structured Programs

minimize q(x) := f(x) + g(x)

over x ∈ Rn

subject to c(x) ∈ D

Assumptions:
I f : Rn → R and c : Rn → Rm are smooth
I g : Rn → R := R ∪ {∞} is proper and lsc
I D ⊂ Rm is nonempty and closed

Oracles:
I x 7→ f(x) and x 7→ ∇f(x)

I x, γ 7→ x̄ ∈ proxγg(x), g(x̄)

I x 7→ c(x) and x, v 7→ ∇c(x)>v
I v 7→ z ∈ projD(v)
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Feasibility and Stationarity Concepts

A point x? ∈ Rn is called feasible if x? ∈ dom g and c(x?) ∈ D.

A feasible point x? is called M-stationary if there exists y? ∈ Rm such
that

0 ∈ ∂q(x?) +∇c(x?)>y?

y? ∈ N lim
D (c(x?))
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Asymptotic Stationarity Concept

A feasible point x? is called AM-stationary if there exist sequences
{xk}, {ηk} ⊂ Rn and {yk}, {νk}, {ζk} ⊂ Rm such that

xk q→ x?

ηk → 0, νk → 0, ζk → 0

ηk ∈ ∂q(xk) +∇c(xk)>yk

νk ∈ N lim
D (c(xk) + ζk)− yk

 attentive convergence
 tolerances ηk, νk , ζk

Theorem
Let x? be a local minimizer. Then, x? is an AM-stationary point.
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Augmented Lagrangian Proximal Solver



Back to our Comfort Zone

Lifted reformulation

minimize q(x) + δD(s)

over x ∈ Rn, s ∈ Rm

subject to c(x)− s = 0

Augmented Lagrangian function, µ > 0, y ∈ Rm,

LS
µ(x, s, y) := q(x) + δD(s) + 〈y, c(x)− s〉+

1
2µ
‖c(x)− s‖2

= q(x) + δD(s) +
1
2µ
‖c(x) + µy − s‖2 − µ

2
‖y‖2

24



AL subproblem, with slack variables

minimize
x,s

LS
µ(x, s, ŷ)

⇔ minimize
x,s

f(x) +
1
2µ
‖c(x)− s + µŷ‖2︸ ︷︷ ︸

f̃(x̃)

+ g(x) + δD(s)︸ ︷︷ ︸
g̃(x̃)

 composite optimization subproblem
 adaptive (accelerated) proximal gradient

x̃ := (x, s)

∇f̃(x̃) =

(
∇f(x) + 1

µ∇c(x)>[c(x)− s + µŷ]

− 1
µ [c(x)− s + µŷ]

)

proxγg̃(x̃) =

(
proxγg(x)
projD(s)

)
25



Safeguarded AL outer loop

select µ0 > 0, θ, κ ∈ (0, 1) and Y ⊂ Rm bounded
for k = 0, 1,2, . . . do

select ŷk ∈ Y from yk−1 and εk ≥ 0 such that εk → 0
find (xk, sk) an εk-stationary point of LS

µk
(·, ·, ŷk) from xk−1

set ζk ← sk − c(xk) and yk ← ŷk − ζk/µk
if k = 0 or ‖ζk‖ ≤ θ‖ζk−1‖ or ‖ζk‖ ≤ ε then

set µk+1 ← µk
else

select µk+1 ∈ (0, κµk]
end if

end for

I safeguarded dual estimate ŷ
I primal and dual warm-starting
I inexact sub-solutions and relaxed update criteria
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AL subproblem as a regularization

minimize
x,s

LS
µ(x, s, ŷ)

⇔ minimize
x,s

q(x) +
1
2µ
‖c(x)− s + µŷ‖2 + δD(s)

⇔ minimize
x,s,ζ

q(x) +
1
2µ
‖ζ − µŷ‖2 + δD(s)

subject to s = c(x) + ζ

⇔ minimize
x,ζ

q(x) +
1
2µ
‖ζ − µŷ‖2

subject to c(x) + ζ ∈ D
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AL subproblem: approximate stationarity

minimize
x,s

LS
µ(x, s, ŷ)

⇔ minimize
x,s

q(x) +
1
2µ
‖c(x)− s + µŷ‖2 + δD(s)

ε-stationarity of (x, s):

dist(∂(x,s)LS
µ(x, s, ŷ),0) ≤ ε

dual estimate y:

0 ∈ ∂xLS
µ(x, s, ŷ) = ∂q(x) +∇c(x)>

[
ŷ +

c(x)− s
µ

]
︸ ︷︷ ︸

y
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Convergence Analysis



Lagrange multipliers vanish for inactive constraints

Let x? be an accumulation point of {xk} and {xk}K subsequence such
that xk →K x?. If c(x?) ∈ intD, then yk = 0 for all k ∈ K large enough.

 Easily refined by exploiting the separable structure of D, if any.
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Sufficient conditions for feasibility

Each accumulation point x? of {xk} is feasible if one of the following
conditions is satisfied:
I {µk} is bounded away from zero, or
I {LS

µk
(xk, sk, ŷk)} is bounded from above.
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Accumulation points are good candidates

Consider a sequence of iterates generated by ALPS with εk → 0. Let
x? be an accumulation point of {xk} and {xk}K subsequence such that
xk q→K x?. Then, x? is a AM-stationary.

 attentive convergence

32



Non-attentive convergence? An example
Consider

minimize
x∈R

g(x) subject to x ≤ 0

where g(x) := x if x ≤ 0, g(x) := 1− x otherwise.

Although x? := 0 is the global maximizer, it is not AM-stationary.

Applying ALPS, we have xk → x? but not xk q→ x?.
33



Termination criteria for ALPS
AM-stationarity

xk q→ x?

ηk → 0, νk → 0, ζk → 0

ηk ∈ ∂q(xk) +∇c(xk)>yk

νk ∈ N lim
D (c(xk) + ζk)− yk

One may stop with (xk, sk, yk) if

dist(∂q(xk) +∇c(xk)>yk,0) ≤ εk ≤ ε

and
‖c(xk)− sk‖ = ‖ζk‖ ≤ ε

But. . .
yk ∈ N lim

D (sk)?
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Proximal Gradient with an Oracle



AL subproblem: easy wrt slack variables!

minimize
x,s

LS
µ(x, s, ŷ)

⇔ minimize
x,s

q(x) +
1
2µ
‖c(x)− s + µŷ‖2 + δD(s)

Sµ(x, ŷ) := arg min
s
LS
µ(x, s, ŷ)

= arg min
s
‖c(x)− s + µŷ‖2 + δD(s)

= projD(c(x) + µŷ)

explicit, exact minimization:

s ∈ Sµ(x, ŷ) ⇒ 0 ∈ ∂sLS
µ(x, s, ŷ)
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Slack variables and complementarity

y ∈ N lim
D (s)? yes

s ∈ Sµ(x, ŷ) = projD(c(x) + µŷ)

Observe that, for all v, z ∈ Rm:

z ∈ projD(v) ⇒ v − z ∈ N lim
D (z)

z↔ s v↔ c(x) + µŷ v − z↔ c(x) + µŷ − s = µy
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AL without slack variables

Augmented Lagrangian function, µ > 0, y ∈ Rm,

Lµ(x, ŷ) := min
s
LS
µ(x, s, ŷ)

= LS
µ(x,Sµ(x, ŷ), ŷ)

= q(x) +
1
2µ

dist2D (c(x) + µŷ)− µ

2
‖ŷ‖2
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AL subproblem without slack variables

minimize
x

Lµ(x, ŷ)

⇔ minimize
x

f(x) +
1
2µ

dist2D (c(x) + µŷ)︸ ︷︷ ︸
ψ(x)

+g(x)

But ψ : Rn → R is not smooth, but don’t worry!

∂

(
1
2

dist2D(v)

)
= v − projD(v)

Just select any element of ∂ψ as a proxy for∇ψ!

s ∈ Sµ(x, ŷ)

∇ψ(x)← ∇f(x) +
1
µ
∇c(x)> [c(x) + µŷ − s]
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Adaptive Proximal Gradient Method with an Oracle

select x0 ∈ Rn, γ0 > 0, α ∈ (0, 1)
for k = 0, 1,2, . . . do
while true do

select sk ∈ Sµ(xk, ŷ), evaluate ψ(xk) and∇ψ(xk)
select x̄k ∈ Tγk(xk)
select s̄k ∈ Sµ(x̄k, ŷ) and evaluate ψ(x̄k)
if ψ(x̄k) > ψ(xk) + 〈∇ψ(xk), x̄k − xk〉+ α

2γk
‖x̄k − xk‖2 then

set γk ← γk/2
else

break
end if

end while
set γk+1 ← γk and xk+1 ← x̄k

X also for PANOC+
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Numerical Results



Academic MPVC

minimize
x

4x1 + 2x2

subject to x1 ≥ 0, x2 ≥ 0

x1 > 0 ⇒ x1 + x2 ≥ 5
√
2

x2 > 0 ⇒ x1 + x2 ≥ 5

Common NLP reformulation

x1 ≥ 0, x2 ≥ 0

x1(x1 + x2 − 5
√
2) ≥ 0

x2(x1 + x2 − 5) ≥ 0

Global minimum at x? = (0,0) and local minimum at x� = (0,5).
[6] T. Hoheisel. Mathematical Programs with Vanishing Constraints. PhD thesis, 2009. 42



Academic MPVC: convex reformulation

Set of VCs:

DVC := {(a, b) | a ≥ 0, ab ≥ 0}
= {(a, b) | a = 0} ∪ {(a, b) | a ≥ 0, b ≥ 0}

Introducing slacks, convex constraint set D:

f(x) := 4x1 + 2x2
g(x) := δDVC(x1, x3) + δDVC(x2, x4)

c(x) :=

(
x1 + x2 − 5

√
2− x3

x1 + x2 − 5− x4

)
D := {(0,0)}
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Academic MPVC: nonconvex reformulation

Without slacks, nonconvex constraint set D:

f(x) := 4x1 + 2x2
g(x) := δR+ (x)

c(x) :=


x1

x1 + x2 − 5
√
2

x2
x1 + x2 − 5


D := DVC × DVC
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Academic MPVC: results

Convex D:

Global minimizer x? = (0, 0) (black dot)
Local minimizer x� = (0, 5) (red cross)

Nonconvex D:

implicit formulations
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Nonsmooth Rosenbrock with Or-Constraints

minimize
x

10(x2 + 1− (x1 + 1)2)2 + |x1|

subject to x2 ≤ −x1 ∨ x2 ≥ x1

Unique (global) minimizer
x? = (0,0).
The feasible set is nonconvex
and connected.
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Nonsmooth Rosenbrock with Or-Constraints
Set of either-or constraint:

DEO := {(a, b) | a ≥ 0 ∨ b ≥ 0}
= {(a, b) | a ≥ 0} ∪ {(a, b) | b ≥ 0}

Nonconvex reformulation

f(x) := 10(x2 + 1− (x1 + 1)2)2

g(x) := |x1|

c(x) :=

(
−x1 − x2
−x1 + x2

)
D := DEO

Global minimizer x? = (0,0)
found in all cases.

accelerated subsolver
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Find more in the paper

I Sparse Portfolio Optimization
I Mixed-Integer Optimal Control with Switching Cost
I Matrix Completion with Minimum Rank
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Conclusions



ALPS
Augmented Lagrangian Proximal Solver
for constrained structured programs

stationarity concepts attentive convergence

(regularity and CQs) implicit formulations

simple first order oracles matrix free
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